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CHAPTER 1

INTRODUCTION

In one of the Air Force Cambridge Research Laboratories programs to
study the ionosphere, satellite experiments with wire booms have been
devised to measure and model the earth's ambient electric field. The
wire booms serve as sensors, an electric field being induced in them as
the satellite traverses the earth's magnetic field in its orbit. A signal
proportional to the unknown ambient electric field is also summed in
vectorially in the measurement:

= B) . . .R
measurement (-Y- x —) R+ Eambmnt —

where V is the orbital velocity of the sensor of satellite with respect to
the magnetic field B, and R is the sensor pusition vector.

In order to extend the wire booms properly and to maintain a stable orien-
tation for the experiment, a spin is imparted to the satellite. The vector
equation above still holds at every instaat, and the desired ambient field
may be calculated provided the wire boom lengths and orientations are
known as a function of time. Attitude sensors on the spacecraft provide
information about the average motion of the vehicle, but the superimposed
perturbations and the orientation of the booms themselves are less readily
resolved,

This report addresses this problem by developing analytical and simulated
models of the satellite and wire boom dynamics. Experimental observations
may thereby be correlated with expected behavior during the data reduction
and evaluation phase. Control information during operational conditions

is also derivable for decisions such as extent and times of boom retraction
or deployment, Earlier works on different spacecradts have reported on
studies of electric field and ion measurement as a function of sensor and
vehicle attitude [ 4, 15 ]

This study is initially intended to support the research experiment CRI..22¢ ]
on satellite 1975, to be conducted by the Electrical Processes Branch of #
AI'CRI.'s Spatce Physics l.aboratory, for the global measurement of electric ]
fields in the ionospheric region. Feasibility studies, maxss properties,
and design of 1975 have becen reported by Boeing [ 1, 2 L

The satellite has a relatively heavy hub (490,.9 1b) with a shape resemblirg a 3
rectangular box, with several sensaors on rigid or {lexible booms. Four of ‘
the hooms are flexible, each carrying a tip mass (2 Ib), and are deployable
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pairwise. An opposite pair of booms would have unequal lengths only as

a very unlikely event. A wobble damper in designed to reduce as much as
possible any out-of-plane motion, and a Coulomb damper is also built in to
damp excessive in-plane boom oscillation. The hub spin is usually about
three RPM. 71he mechanisms of deployment of booms and spinning of satellite
are controllable from the ground. More details on engineering aspects are
given in Chapter 8.

A substantial flow of analyses has covered various aspects of satellite-
boom dynamics in the last decade. Examples are a study of spin dynamics
to determine stresses in rigid booms [ 8 ], and a study of maximum
nutation-precession angles, bending moments, and deflections due to
boom deployment [ 5]. In contrast, this study emphasizes the deploy-
able taut wire booms, and attempts to predict mode frequencies, damping,
satellite spin, and boom deflections. Nutation-precession is assumed to
be minirnized due to the wobble damper.

The dynamics of the 1975 satellite system are composed of a variety of
modes: coupled vehicle-boom oscillations, boom vibrations, translation,
and precession about the equilibrium position, in addition to orbital motion
and self-spinning. Effects of aerodynamics are small at the altitude of the
satellite orbit (see Chapter 8). Boom vibrations have been determined to

be insignificant compared to the pendulum type coupled hub-boom oscillations
[ 17 ]. Solar radiation induced oscillations and bending of wire booms is con-
sidered to be insignificant for thin wires, even though this solar effect has been
experienced before in spacecrafts with tubular cables of lengths of the order
of a kilometer [ 6, 9 |. Earth's gravitational gradient induced oscillations
are also negligible in view of the short boom lengths (0 to 60 ft. ) [ 7 ). In
practice, the signal measuredin the wire booms will be affected by a number
of other factors such as shadow effects, satellite wake effects, vehicle po-
tential, and instrumentation effects. A systematic isolation of these factors
is part of the dawa reduction and evaluation logic, and is outside the scope

of this report.

This theoretical analysis includes the formulaton, derivation, and computation
of all mode characteristics of coupled hub-boom dynamics, The computer
programs written are capable of generating digital simulations of time-
dependent dypamical behavior of the satellite system under different ex-
perimental condition. Schematically, this work is summarized in ' flow
chart in Figure {,
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Transient response of the system and insight into instabilities and dynamical
damping properties are derived using Laplace transform techniques on a
linearized set of equations of motion. This preliminary study is restricted
to the simpler symmetrical coupled or uncoupled cases, and is covered in
Chapter 2, '

For satellite system dynamics in the spin plane, with taut wire-booms, 3
seven degr=ees of freedom exist viz. hub spin rate, hub X and Y translations,
and angular deviation of each wire boom from its normal radial direction.
Deployment of each boom is specified. The complete Lagrangian equations

of motion are developed for this system in Chapter 3, and result in seven
non-linear second order coupled differential equations. A complete computer
solution of these equations including special damper actions, arbitrary
deflection amplitudes, and deployment/retraction of wire booms was im- f L
plemented and is described in Chapter 10, the section on program docu- )
mentation. Characteristic frequencies are obtained by Fast Fourier Trans-

form of the dynamic reaponses as a function of time,

In general, it is desirable to estimate all mode characteristics without .
resorting to the solution and Fourier analysis of the complete Lagrangian 3
equations. Further, in-plane/out-of-plane interacting dynamical equations
become algebraically too complicated and are not attempted. Instead, eigen-
value techniques and orthonormal matrix transformations are used to de- »
rive all the mode characteristics, both in and normal to the hub spin plane. 8
Matrices are of size 14x14 corresponding to the total number of degrees of '
freedom of the system, however assuming minimal in-plane/out-of-plane
interaction, they are decomposed into two sets of 7x7 matrices.

The in-plane analytic solution is carried out in Chapter 4. In terms of the
deviations M. in generalized coordinate:s q4 where q; = q4; + n; » the
kinetic energy T and potential energy V are expanded in Taylor series.
For harmonic motions about the equilibrium configurations, terms of
third and higher order in n do not contribute. As a result, the Lagrangian
is given by
1 e .
L=5 Z (T, A 7 - V. 0 n)

.

i, ] ij i J ij . i )

where the dot denotes time derivatives. The l.agrangian leads to the
following equations of motion:

s T, n +g v, 0" =0
j jdj )

i
3
i

A Loy i)

11




I'or nontrivial harmonic motion to exist, the secular determinantal
condition must be salisfied:

det { V., - w T, = 0
1 1

2

which yields the eigenvalues wiz’ and the eigenfunations.

T wme

Alternately, a new set of coordinates ;i , 80 called normal coordinates,
can be sought as in Chapters 5-7 such that

[T

.= & B, ¢,

n1 ] i) Z"_] i
and
1 ¢ 2 i
T = — Z L. 5
2 gJ ]
3
! 2 .2 K
V=2 Zw L 2

2 3 31 7}

This ie an algebraic process of the simultaneous diagenalization of two
quadratic forms, The resulting Lagrangian becomes simple and elegant:

L = 52 . - W, L) i
2 70y T E

From this it is well known [ 11 ] that wjz are the eigenvalues, yielding the
desired characteristic frequencies.

Chapter 5 covers the case of inplane normal coordinates for equal boom
lengths, and includes translation. Seven eigenfrequencies are derived
corresponding to the seven degrees of freedom. The symmetrical cases
that exclude translation, and for boom wire mass negligible compared to
boom tip mass, yield the familiar results:

w = W o} (uncoupled)

( coupled)

where 1.1 is the total moment of inertia., The uncoupled mode is triply de-

generate. The trivial modes corresponding to pure rotation and pure trans-
lation have been eliminated.



Out-of-plane normal coordinates are considered in Chapter 6, and are
limited to cases of equal length booms and negligible interaction with
in-plane frequencies. There are again seven degrees of freedom

leading to seven modes, three of which - pure rotation and pure trans-
lation - are trivial.

Each of the normal coordinates is a periodic fuaction involving only one
of the resonance frequencies of the system.

ws = w9 = 4010 =0
w =W ,[ Tt o IIT
i1 0 J = I
i0 Coupled Medes
“pT @i
wﬁ = mo T+ rg Uncoupied Saddle Mode
T

© = T+r M+ 4m s
14 ‘00 / - 0 M Jelly-Fish Mode

These frequencies, together with the seven in-plane ones, comprise a

total of 14 rormal mode frequencies of the entire satellite-boom sensor
system.,

In plane oscillations with unequal length booms completes the analytical
work, This is covered in Chapter 7, again with the use of normal co-
ordinates., Some translation of the hub can be expected for all unequal
boom length cases, unless the opposite booms are symmetrically de-
ployed. Thus, in general, four distinct nontrivial eigenfrequencies

can be found., The behavior of these w-roots are revealed by plotting.

Chapter 8 establishes the background for obtaining the physical quan-
tities of the satellite-boom system pertinent to this dynamics study,
Chapter 9 presents typical results and plots. A number of support
programs were required, but the main programs only are covered in

Chapter 10, These include digital simulation of the satellite dynamics using

the complete Lagrangian equations including external and inherent non-

linearities; the subsequent Fast Fourier Transform to obtain characteristic
frequencies; and a scheme for synthesizing dynamic response from normal

modes with specified initial conditions, Appendices A through H support
various derivations in the text of the analysis.,

13
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CHAPTER 2

3

LINEARIZED RESPONSE OF THE SATELLITE-BOOM SYSTEM ’

2.1 Effect of Deployment or Retraction *
#

In order to obtain physical insights on the effects or deployment or retraction, 4
it is nseful to study a simple but analytically tractable model: the one-
boom satellite with no translation. The full-fiedged coupled four-boom :
vibrating-translating satellite will be studied in later chapters. Both uncoupled
and coupled modes will be treated in this chapter. Laplace transform
techniques will be em=loyed with the assumption of small boom lengtu : %
variation, i.e., r &:/r « 1. i

i e A e S

L

e e VAR iR, e

To formulate the problem, one starts by writing down the coordinates, velocities, Q
and energies of the hub, tip mass, and wire boom in terms of inertial co- %i

¥

ordinates. Then a transformation from inertial coordinates to corotating
polar coordinates (r, ¢) is facilitated by:

£

5

3

B

re——r + Qo XX :

The Lagrangian is then ogbtained, from which all the dynamics can be un-
folded,

The Lagrangian L of the one boom system is

I R 2 L 2 w3 e 2 ol
L-.ZIOO +2(m+pr)r +3 (mr +p3)¢ + w[ (mr 3 ) ¢

2 L
+(m+pr)ro£-sin¢+(mr+p_£2-)rocos¢¢] + _é_ wz[(mr2+p£3—-)

14
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2
2 r |
+ (m + pr) T, + 2(mr +P~—2 ) ro cos¢] —'38¢2 . (2-1)

The r equation of motion gives the tension on the boom wire. The ¢
equation of motion is

d oL oL .
— — - = = -k
dt 26 26 o ¢
i.e.
.. 2 . 3
(mr? +PE)§ 42k mr e 5y b 4 o (mr2+P-r§--) +
— 1+ 4 rpiem) in ¢ + 2
{mr +p 5 )r0 cos ¢ w {mr +p > I, sin ¢ W e
2 N
(m: +P—2")f =m0 —sé (2-2)

In the .imit p—0, ¢ 2quation becomes simplified to

mrzit; + 2mri¢ + 6 [ mr (r+r0)] + 62 mr1;)¢+2mr1'*é tk b+

b

where sino~¢ and cos ¢ ~ 1 - ¢2/2 ~ 1

The @ - equation of motion is

4 8L I
dt 88 80
here oL
wlhie _é___ - -S¢
L _ é + ( 2+p_-]‘i)$ + (m +pr)r 1"sin¢+
Yol IT mr 3 pIIL
r2 0
(mr + P5— )l'o cos ¢ ¢

15




so that

: .3 z
_[(mr2+P—;—)+(mr+P‘§")rocos¢]:1;

IT =
2 .
—2[(mr+PI§-)+m+Pr)rocosq>]f¢
[ & 2 »
—II.G + (mr+P£2--)r°sin¢¢2 —Proi'zsiné-mt

For small amplitide oscillation, light boom wire, and small spring con-
stant, the last three terms on the RHS are neglegible. For simplicity,
we keep only the leading terms:

s i 2 r3 rz Y
8 = _fr[(mr +p-3—-) + (mr+P-2—)rocos¢]¢
2 r2 . }T
_fr[(mr+P?)+(m+Pr)rocos¢]}4)—____é (2-3)
Ir
Iﬁi_r.no'e‘: - mr(l:r“'o) w Zm(L;*ro)i‘J: —%é e

where the first term on the RHS is entirely due to boom vibration,
the second and third terms are functions of boom deployment, and higher
order terms are neglected. The result can also be obtained by considering
conservation of angular momentum of the whole system,

In case of multiple booms, they may behave in such a way that their angular

momenta &k up to zero, so that the angular momentum of each boom is un-
coupled to that of the hub: we call such a state an uncoupled mode. Thus,

(uncoupled)

2

16

—Z(mr+p-£é"')r°sino$

and .
o . ITo mr (r+r) . 2m(r + r.) 1 »
e:«»:..rr-e- . oL ¢ - C ¢  (coupled)
where
I = 2[ (mr+ —-1:2-)+P‘r2+(m+ r)r cos ¢ | ¥
T ° mr PZ _é—° P o
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Lim II = 2m (r+r°)r + ..
P—)O

We remark that in the N-boom case the uncoupled § is unchanged be-
cause the angular momenta of the booms cancel each other, whereas

-the coupled 8 equation is obtained by assuming m to be replaced by

Nm because all ¢ 's are in phase, Hence, provided there is no trans-
lation, the results of this chapter hold for multiple boom cases.

2.2 Forced Oscillation Equations

Substituting the above uncoupled 8 and the coupled 8 into the ¢ - equation
of motion, one finds equations of motion in variable ¢ with 6 eliminated.

For uncougled oscillation mode, one finds:

3 . 2 . 2
'45(mr2+p-r§'"*) +¢2f(mr+|:£2-) *% { r[mr+P-;—- +

2
rQ2 +(m+Pr)rocos1>]—(mr+p—1;2—)rosin¢1); .

¢ (e}

3 2 2
2 r- X 2 X. ;
mr +P 3 +(mr+P 2)rocos4)} + W (mr-l—PZ)r sin ¢

2 .
+ 20(mr+pS—)i+kd +s¢ = 0

1]
For small ¢, we have sin $ ~ §, cos ¢ ~ 1, ¢ $ ~ 0 so that the above
equation becomes

3 2
® (mr2+P£§—) +¢[2§‘(mr+f)£'2—)+k] +

2
Q[wz(mr+P-£2—)ro +s ]

/

= =2wr i(mr+P -ri-)-i- [ mr +P%_ +(mr+f>%—-)ro],
T 2

r
.[mr+P-§2—— +P-—§— +(m+f)r)r0 ]}

which is of the form:

b +2pb +Hp = F (1) (2-4)
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This is an equation of forced oscillation, in which QZ
the natural frequency,

the oscillation.

is the square of
2P is the damping term, and F(t) is the term forcing

s E )S “s v’).—‘»‘n’ﬂ.‘ ‘;\-

e

For coupled oscillation mode, 6 elimination gives the following ¢ - é
equation of motion: a
‘e 3 3 rZ ig
¢=mr2+P§ _mr(r+ro) [mr2+p—%—+ (mr+p-—2—)r°cosﬂ}. 3!

I 4

. 2 & r 3 j
+¢{2i~(mr+9~r?- +k - 2rm(};+o) [mr2+P%+ g

2 2
(mr+f)—l:2—)rocosﬂ} + ¢ {wz(mr+f>’£2_‘)ro+s}

2 3 2
= =2wlF {mr+p% -‘li‘r [mr2+P%- +(mr+P-1:-2-)ro:]. [mr +
2
2 r
x )
Pz *tP2 ¥ <m+r>r>r;}

N T AR i

R
1
B

which is, like the uncoupled case, of the form:

$ + 284 +r@%¢ = F ()

In the limit of heavy hub, IT—- © , no distinction can be made on the
coupled from the uncoupled case, because 1/ Ip terms go to zero. The

forced oscillation equation will be solved analytically later, by Laplace's
transform method.

The terms Q, 3, and F are listed below, including and neglecting wire mass:-

]
Lucoupleu case:
2
2 r
2 w(mr+P—-—2 )r°+s |
Q= 3 3 ]
mr 4 p

18




3
[2f (rm +pr2/2 ) +k] / (mr? +P.?3.._.

2p= 3
k/ (mr2+P'-1':;)—)
N 2 3
2wl r i 2 r
F(t) = 3 {mr+ =~ = = [mr +tp— o+
(mrz+P-3L-) P Iy 3

.

2
(mr+f>—;--)ro ] [rdr+ro)+P(r2+r02)/2 +Prro]}

Coupled case

Q2 = (wz ( mr + -1:2—)1' +s8)/A
PZ o]

2
[Zf'(mr+P"%—)—me(r+ro)(mr2+Pr3/3 +(mr+'or2/2)
26= ¢ ro)/Ipl /A +k/A t<r
k/A t>T
\

' 2 3 2
-2wr r 1 2 r r
Fit) = A {mr+P——2 —IT[mr +p—3+(mr+P—z)ro].

. [m(r+r°)+P(r2+r°2)/2 +Prr°]}

3 : 3
- 2 . _ mr(r+y) ! 2 r rl
A = mr +P3 - —— mr +P-—3.._ +(mr+P._2_..)ro

2
Lim A =mr IOIIT
P—>o
In the limitf; ~» 0, the terms 8, 2, and F are listed as following:
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Uncoupled Case

(Limit P -—> ()
Q - (w(z)ro/ri- s/ er) 1/2

i
X
r

- 24

. 2 2
of [mr_mr(r+ro) ]
mrl L

Coupled Case ( Limit /o - 0}

Q =

2

|
[@F o 4-2-) v 1'/2
r mr 1

[o)




2.3 Laplace Transforms and Trangient Response

For short duration T of deploymeat/retraction, such that * v « r,

the boom lengths remain approximately constant throughout the period .

Thus, it is observed that the force term F(t) is of the form
F(t) =~ r x constant O<t< T (2-7)

where © 1is a known constant. Transient response function é (r, t)

can be derived analytically by Laplace transform method. The scheme is

to find the response ¢ (r, t) to the force F(t),0(t) turned on at t=0,

and then solve the force free oscillation equation using ¢ (r, v ) as the initial '

conditions,
Using Laplace transforms, the forced oscillation equation becomes:
X[4+2pp +92°01 = X[Rew ] (2-8)

S (sPiaps +2t)ele) = o

i. e. ¢ (s) = F
s (sz + 2PBs +92 )

By partial fractions, ¢ {s) can be written as:

¢(S)="‘E‘ ["‘- 5t + g ]
o s (s +p)2+ay) (s+p)% + 0f

where szf = Q° - p
Response function ¢ of the wire booms is given by
o(t) ~ X [e()]

Thus, the transient response function is found to be

¢ {t) = -La— {9 {t) -~ e.'.‘Bt { cosﬂot + -g-‘t sinuot )} o<t <7
Q -
© 2-9)
where 0 (t) = {l t>0
0 t<0
21




At t = v, in particular, the function ¢ (7) is

2

¢ (T) =-S;F—{1— ep?(cos%‘r+ L sinszo-r)}

Q
o

The next step is to solve the force free oscillation equation using ¢ (7)
as the initial condition. Let us denote f= p' during free oscillation,

i. e,
B = B during force application ( 7>t >0 )
B' after force application ( t > v )
F(t) P

o |

:

0 T t 0 T

time ey time .,

For t >t , the equation of motion is of the form:

K

+

26 +a%¢ = 0

with known boundary conditions ¢ (v) and $(r)

For simplicity in symbol manipulation, let v= 0 from here on, until

later when we restore t = t+ v, v¢# 0, DBy partial integration,

#1 6t ]

[}

|

1]

y

0
—p(0)+sXld0)]

0

@ @

dte”™t o -5t ® -

o ity = [ it)]g +s|de
0

40 -se(0) +s°K[oi0) ]

st

@ w
'( die g = [ @+ sJ dte™ ¢ )

&it)
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Therefore, the equation of motion is transformed as follows:

(2 +20's +02) ¢ (s) = s$(0) + $ (0) + 20 ¢ (0)

1

/ .

, = ¢ (0) —=1 0 + 0) +¢(0
or $ (s) ¢()‘s+p.)z+9;z [po (0 ¢()](s+p‘)2+9'02
where Qé,z = - 2

Thus,

’ ¢ ’
() = ¢ (0) e Pt cos.Q;t + [qu;(()) ;f 0) -] e-ptsin%t

Rustoring t to t + +, v# O bv shifting origia: we find

. i ¢ . ?
N Bt Bo(x) td(r)) -A(t-1)
CREIUE cos [ tt -l + { A be :

. sin [S}g {t-v)] t> (2-10)

where ¢ (v) and 3 {t) are known boundary conditions:

®(r) == {l-e's' [eossyr + -;%— s&n%‘f]}» (2-11)

O FS ao\° =BT
Ty 7; ‘ B ) & ‘.. e b sin§2 v
S AN ) 0
¥ “pr | .32
= ;’* ui sin{,T . (2-12)
.0 )
> : 2
where 30 o oud L pd
)
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2.4 Physical Ingights gained from these Results

With the use of a simple model in this introductory chapter, we have
been able to derive some salient physical features of the satellite system
concerned. The important points are listed below:

1) Retraction is less stable, because r is negative reversing the sign
of the damping term 3, [Equs (2-5), (2-6)].

2) Damping is prominent when boom is short, because P is proportional to

1/r%, [ Equ. (2-5), (2-6)]

3) Force F(t) is prominent when boom is shert, because F(t) is proportional
to 1/r, [Equ. (2-5), {(2-6}].

4) ¥ k is very larece, no ascillation occurs, because then ¢ (t) is an ex-

ponentiallydecaying functior. For, let i > §2, so that @ =ie , where ¢ is

real and a<gbecause @, = i \Iﬁa - QE = ie, and thea for v>t>0, we
have; from Equ. (2-9), : :

-at at -t at ]
_F - gt e & te B e - i
o) = o7 { t-e 1 2 ¥ e 2i I'ﬁ
P e"ui-(})t 2 . ‘
. - .

winch decays expoaeatially.

5} The Amplitude of Oscillation after Daployment/Retraction Period 7
denends on when the deplovment/retraction stops, because ¢ (¢ )

is o functionof ® { v)andg (v ), [Equ. {2-10)].
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CHAPTER 3

LAGRANGIAN DYNAMICS OF COUPLED HUB-BOOM
INCLUDING TRANSLATION

|

e b Bt

i M i ARG Aiai wlald tmiant Dk

Al itam, sharac s

0k W . asien

o st

Figure 2. Spinning Satcliite-Wire Boom System

5.1 Nalxtiong: ;
2 (%, v, 2} > Rectanguiar coordinaies in carih's inertial {rame.

2 {X, Y, 2Z): Position of ceter of hub w.o.t imtial position of 3
center of hub {t 2 0) as measured 1 carth's inertial E

coordinates '

Note: For negligible or compliviely independert out-af-plane molions,
3 » ¥ ¢
2 and Z can be omitted i1 the in-plane dynamics

i

Coater of hub

2%




b e

8 = Angle subtended by the straight line defined by O and the exit
peint of the first boom w.r.t x-axis in earth's inertial frame.
At t =0, GL: O initially, and 8| = initial angular velocity of the hub,
=0 t=O

(w =é).

{ ri:"t’i } = Polar coordinates of boom-tip mass (i - th) as measured in
corotating coordinates. The i's are chosen so that initially the
first boom subtends an angle 6 = O, w.,r.t earth's x-axis.
by (t) is the angular displacement of boom i at time t.

M = Mass of hub

m = Mass of a tip mass

r, = Radius of hub

I, = Moment of inertia of hub :I

IT = "Yotal moment of inertia of system

s = Snring constant of boom wire :

k = Air drag constant, {for air drag on boom).

p = Mass density of wire .

L = Lagrangian of total system :

Lo = Lagrangian of hub |

Li = Lagrangian of i - th boom with tip mass (due to pure rotation
only)

L/ = Lagrangian of i - th boom with tip mass (due to cross effect

of rotation and translation)

Ai = mrz: +pr 3/3
t 1

Bi = mrj+ pr-12/2

Dy = m+pr

3 . L) .

t’i = (1‘1)? (1:1, 00004)
D = @ r O+

Q‘.\z\ . 0 + é’i

26




= Velocity relative to inertial axes
_t!' = Velocity relative to rotating axes
R = Translational velocity of moving axes origin w. r. t.inertial axes

The vector equation relating to motion in a rotating frame and that in
an inertial frame is

N ¢ '
£_=B+ _x_-_'+£x_1:' (3-1)

where I is the velocity in an inertial frame,

i?_ is the translational velocity of the origin of the rotating frame,

is the velocity w. r.t. rotating axes,

|5

w 1s the angular velocity of the rotating axes.

Note: All four variables above are functions of time ¢,

-
A\l

In compornents, x= X+x-wy (3-2)

yeY+ytwx

Note: These equations (3-1, 2) can be derived by considering infinitesimal
displacements ( and therefore derivatives) in the inertial frame,

It is convenient to change ( x;, v, ) to polar coordinates ( roo$y ), but

leaving ( X, Y ) unchanged in rectangular coordinates.

- .y + -
xi—ricos(gt,i+.1)i+6)+ro<:os(6i 0) (3-3)
= 51 5 i 6.+ €
A ribm( ¢i+5i+6)+ rosm( ; )
6 = .-1 u .:1, 00000,4
where ; (i »s (i )
£} - . = ; +é "é = .' +'e‘
Let o, = ¢ to te e = (9 by B = %
® -5 40 , ® =8 , @, =6
i i i i
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Ryt

(]
n

. r.cos ® + r cos@®,
1 1 o 1

<
0

r.sin @ + r sin®,
i i i

i o)
. @ : * . .
X, =r,cos @ - r S @ . r sin@® 6
i i i i 3 i o i
. ¢ ° .
y.= r.sin & + r ., cos @ & + r cos @ 0
i i i i i i o i
.z . . A 02 . (Y3 02
X.= -2r.8n¢® & -r.cos® & -Tr sin P - T cos @ O
i i i i i i i i i 0 i
- gin®.0 ;
(o] 1
. ° . . '2 e R 02 :)
.=2r.cosd. & -r, sin®, $, +r.cosd. & - r sin®, 6 ;
1 1 11 1 11 1 1 1 0 1 }
Y]
+r cos®.6
o i ;
i

The time changes of X y; as given above are thosec observed in the

earth's inertial frame.

1

o
L

i 8

i
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3.2 Kinetic Energy of a Tip Mass

Kinetic energy (K. E.) of the i-th tip mass is

K. E.

1§

1/2 m [<5<+5{i) (Y +7.)

i1

3 1 ]
1/2m { zx;;i + ZY{zi)

term K, E, .

cross
N, 1, 1/2 m ( I\Z 1 \’2)

frans
; ‘ 2 .2
‘ K'E'rof = x/Zm(xi -i-yi )

02 202 2
= 1/2m[ri tr e tor, (

which is indeEendent of 6i

K. E,
cross

i e . .
(¥, cus <I>i r, sm<I>i ¢.i )

For boom wire, one replacesr

0 r(n + 1)
myr - drpr =P
o (h +1)

29

*2 2 o 2
i/2m (X" +Y )-l»i/Zm(xi +yi

where the first term is the pure translation term K. E,

:m[é([r_ cosd, +r cos®]Y
i i o

><0H

trans

term is the pure rotation term K. E, rot’ and the third term the cross

. s 2
0+ ¢, )" +

[ 4 . b * .
| 2roe(ri[e+¢i] cos ¢i+rism ¢i)]

2

+

i (r, sin®, +r, cos®. ¢ ) Y]
i i i i

(3-4)

, the second

- [r. sin®, +¢ sin®, ] X) +
i i o i

O T

e gt et el o




To showthat K, E. of hub = K, E, without any

. +K.E. .
rotation translation

cross terms:

‘cross

Proof (1): Take x axis to be parallel to the translation vector
Y|

->» translation

Take 2 elements opposite and equidistant from center of
of hub, their velocities are

kg = % )

and (k, + %, -y, ) respectively.

t!

In K.E., one needs Z.J(veloc:ity)i2 for all elements. Since cross terms
i

cancel in (velocity)i2 for all opposite pairs,

. K E't:otal = K.E rot tK E’trans Q.E.D.
Proof (2): Let v = velocity of an element of hub
O ;‘"rz L
where ¥ = X - wy
> ¢
¥=Y + ax
% =0
2 v ] []
e Ly e (X2 Y )t 20 Y - yX)
= . * + * . L *
K. IE:"rmb K. E rot. K.E trans, tK.E cross
where K, E, = 1/2pj drrz d0d¢ sinf® 2w (xY - yX)
cross

pw drrz d6é dé¢ sin® (r sin® cos¢p Y - r sin@ singX)

T 3 ™ 5 2 . .
pw ©drr dO sin O d¢(cosd Y - sing X)

Hi

n

iy o
0 Q.E.D.
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3.3 Total Lagrangian

The Lagrahgia.n L of the entire system can therefore be written down

as follows:

L=1L (6
[¢}

4

i=1

where Lo is the Lagrangian of the hub, Li is the Lagrangian of the
boom-tip mass due to pure rotation, and L{ is the Lagrangian of the

boom-tip mass system due tocross effect of rotation-translation.

VA 2
Lo=1/2109 +1/2M (X" +Y7)

L. =1/2 (m + pr,)r'.z + 1/2 (mr.% +p
1 1 1 1

z L/. (é, r.,
i i

02

¢ b2 '

’ x’ Y) + i=1 Li ( 9:
o . ’

T, ¢i9 ¢ia 61’ X,

2

ri ¥ 2
T”’i ¥

» 2 ri . » .
— + 3 +
el (mr,”"+ p35=) ¢, + (mtopr)r r osine,

2

T3 » _ 2
(mr, + P—"L-2 )r_cos ¢ b 1 -1/2 s¢, ¥

1/2 62[ (mri2 +

,_ s 2 ' 2 . . . .
I_.i =1/2 (m + pri) (X"+Y )+ é[ (m +pri) ( ro\.os(@i Y - roeu.n@i X)+

3

ry . .
(mr. + pP——) ( Ycos @, - X sin®, )]+
i 2 i i

r:
1
p—.—

3

The l.agrangian equations of motion are:

0 -cqu:

c),wi -equ:

r, -equ:
; ~ed

2

2 i ;
)+(m+pri) ro +2(mri+p > )rocos¢i]'

. y U Ty U .
+ 3 + p— - a3 2
_ {m + pri) ri (X cos ¢i Y smdai )+ (mri o] > )(bi ( -X sm(bi +Y coasbi)

d al. JlL, »
dt b 86 -k
4 oL - 3L _yob .
at 9%, a6 - P i=1,...,4)
d 814 - aL - _T. (i= 1' .00,4)
dt or. ar. b

by
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S A

X -equ: i_B_L',_ - L = 0 ! if there is no zir drag due “
dt aX oX .
to translation)
Y -equ: d 8L aL, _ :
a sy "8y -0 L) f
The X and Y equs can also be obtained alternatively by considering
conservations of linear momenta in X andY directions respectively
(see Appendix A).
The 6-equ, can also be obtained alternatively by considering conser-
AR vation of angular momentum of the entire system.
g , At high altitudes (ionospheric for satellite 1975), air drag is neg- o
E ligible (see Chapter 7), so that ky is mainly due to hinge friction '
A and k9 is neglirible, From here on, we use k in place of k¢ and ke
- is neglected.
o
- u
- !
3 32




3.4

L
96

6 - equation of Motion

. . . . .
[e( D r [y sin@, + X cos®i] + B, [Y sing, + X cosd’?i] ) +

L [} 13 .
D r (X sin®, - Y cos d ) + B.d, (Xcos®, + Y sing,)]
i'i i i i'i i i

1]
e

TS

d vy 1 Ny . .
[A, (6+ ¢i ) + Bi T cos.d:ai (26 + @i) + Diro (roe tr, sm¢i) ] +

» 13 L] L)
S [B.(Ycos® -Xsin®) + D, r (Y cos® - X sin®,) ]
3 1 1 1 1 1 O 1 1

d 3

dt

VRS

)+ B.r cosd. (20+4. ) +
1 1 O 1 1

B, r_ cos¢, (26 + &) -Br_sing, &,i (26+ &i) +

( ro e+ f'i sinct:i ) + Di ro ( ro'é+ ;i cos¢»i &i) +

éi (‘} cos<bi - X sin Qi) +

Bi (;[) cos @i .Y sin<2>i [ é+$i] - ‘X sinoi - X cos o, [é+$i] ) +
f)i T, (’} 4::1:):;@i - )'i sin@i) +

Di r, (Y cos @, - X sin@, - Y sm@ié -X cos®, 6 )

Since total moment of inertia of the system is the sum of moment of inertia

of the hub plus those of the booms with tip mass, therefore the total moment
of inertia is:

. 2 2
+ 2 + + i
& [ (rm‘i ) (m Pr.) o
Y
+ ——— . .
?.(mri P z)xoco.‘u&i]

2
i + & >
( ’i.i R.Bi ro cos ¢i + Di r0 )




This expression is now*put into the R, I.S. of cquatinn { 3-6 )

given on the previous page. The @-equation of motion is then written

as follows:

1 91 1 4
a a [l . . . ¢

gt L et

* ¢ . Y h
Bi T sm¢i¢i) + ¢i Bi T smcl)i ¢i +

¢ai(Ai + Bi r0 cos ¢i) + pro ri (roe + ri sin ¢i) -

e ko

. .. s [
B, (Xsin @ - Ycosd) +D r (Ycos®. - X sin®,) +
i i i i'o i i
priro (Y cos®i - X sm@i)} (3-8)

0 if there is no air drag due to rotation of hub

okl ans

-kef') if there is air drag,

In the limiting case, let X=Y= 0, one obtains the '"no-translation" 7::,

version of @-equation.
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3.5 ¢, - equation of motion

aL » L . ® ‘2 N
9% - co - - -
r 6 ( Di r, s ¢i Bi sin (bi ¢i ) " 0 Bi su'xd>i

ad;
s - [BiY(6+ 4,1)+Di riX] sine. +
[DiriY -BiX(e+ d;i)]c:osqsi
= 3 (D, # B, sind, ¢, - B, sin ¢,
I 0 iricosd)i - ismcbi ;- ism<$>i ) -s¢i_ -
s ? M ’ . ¢ . .
( 0+ ¢i) Bi ( X cos ¢i+Ysm@i) +Di l'i(Yc:osc'i -Xsm.ai)
()L : . . . -
= + + DS- - - - ¢
_6-5—-1 ¢i 3 ()(Ai Birocoa¢i) }.’»i()i.sxxu;;i Y cos i)

[ ] + [ . - & ‘. - o
Ai (o °i) + Bi ( Oro cos¢i (X am@i Y cos oi) ]

d al. * « e "o .

Yy | = + + + + ) +

dt E)si Ai (8 Qi) A (0+d i) B, Ox  cos ¢,
) “ o - L] N [ ] + & . e - -? - -
B, (9 r cosy, - 8r sing &) B, (Y cosd . - X sin ¢)

- [ ] . [ ‘e .
e L + ? o uky § + + i«" < 3L - L -
Bi [{ X cos ¢ Y sin Oi)( ] e'i). { X sind ; Y ¢os Oi)]

n

B(A +B r cos0)+A06 +2B £ (0+3) +
1 1 Q 1 11 1 3 1

D ¢ ¢ c05 9. - B g sis a4 v 56, =X si -
Di i ero cos ¢, ira asméi 3, Dit‘iw cos @i X sm(‘»i)

L] ] - oo [ L)
3 ” I hod Y Gin 4 <« ¥V coud
Bi((k cos ¢ + Y sin ¢s) (9 +¢‘) + {X sin o, Y cost i’ }
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Collecting the results, we therefore have the °i - cquation of Motion: :
d 3L L o . ¢ 3 o - : :
— A - = = 6 a :
at a Y . Ai ¢i + ZlBiri { +¢i) +90 (Ai-yBi ro cos .i) + ;
L L] [ ] ] >

sé + 2B r sind, + B (044)(X cos® + Y sin® ) i

b 1 0 1 1 1 1 1 o
+B.[-(é+¢.)(Sicos@.'l'Ysin@.)-l»i’cos@.—ksin@] i

i i i i i i |

o . - e 2 . -

= A ¢ +2B. r (06+9¢) +sé. + 6 B, r sind + .,

i1 i i i i io i o

i

8 (A +B.r cosd)+B. (Ycos® - X sin®.)

i i'o i i i i i

= -k&i (i=1,...,4) (3-9)

In the limiting case of ""no-translation', one lets }::. Y = 0 and obtains

the ‘i - equation of motion.
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3,6 X-equation of Motion

aL,
ax - ©
’ 4 v .
3l = MX + i§1 [ (m +pr ) (X +r cos ¢ - 6r 5in®.) -
—"}"{' ~ 1 2 1 4] b3
(mr.+or.2/2) (0sin ¢ + &, sin ¢) ]
1 1 ) § 1 1

_E!_&L _V Mi&.{. g [ b '}.{f!'CO'Q é‘. } +(m+
at WE)X 1 ) r { i S i " ro :.m@i m ori)

. s [ 3 [ L]
- Y } 'p e - 6 ) -
(X -y sin [8+0] T8in®,
[ 1) I [
r cos®. 52) - (mr, + Or.z.IZ) ([ 0+%]sin ¢ + { 84 ¢ |
o i i i i i i

ces@i[a + é] ) - (m +pri) r"i( B+ é) sin§i}

The X - equation of Motion is

\ _
v . » N .
b P o (X ¥ ocos? -1 Qsin®@) ¢
= MX ¢ i'—gg aty ¢ K it ¥ @t)
b 4. b . . o +2 R
tmeor J (X - 27 [ 828 ] sin - {8 5in®. + ¢ cosd jr }
i & i i i "o g
wdd
ii : ** X3 . e 3
- bnr o ({0 ¢ ¢]sine {80 ] cos? )] 3
Voo ' 1 ! ( 5-10)
= 0 i there is negligible air drag due to transiation ;
37
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3.7 Y-~equation of Motion

aL  _

Y = 0

—&*“M§'+‘§:[( +or)( Y+ sin® + ¢ 0 ) +
Y = i3t m ri ism A ro cos‘.ei

£ L,
€mri+0—z—-) (9+¢i)cos °i]

) (V42 sing +r Hcos®) +
3t Y = e 1;1 P i lst; X‘OGQOS \

(3] N - 3 -w
mtpr )l Y+ cos¢. [0+¢ }+ v 6 cos@ -
¢ %1)( i 1E ii o ®i

r éz s5in@. + t.f d+ 5,}&:03 )+
o i i i
2
r
+ (mr +§>~'}~)(f.9..§3 jcos® -{é{-:‘?}smé [é{-é 1B
1 2 i i i H

0
: 3

d¢ 21 2L MY 4#‘ }ag (¥ +F . sim ¢ 3 0
—_—t | e R BN v v, S3 Y % ? COs®, *
dt JY oY =i} i i T T eese))

.a - - Ldnd
fmver ) (VY +2r [ 2+ Jeort ¢+ v Yeos@ -
1 3 % (4] i
2
‘2 . riu ;r F e v%
T2 osing ) ¢ (mr ta—=) (|8 %0 Jeost .
9 % 3 “ i b

-

.;3]"" sine ) § { 3-11)

iy

C if there is negligible air drag due to translation




a1l . 2 . 9 .
2L = 1/2 o( r_2+r&02) + B, (OM.)2 +0or . 8sind +
) i i o1 3
i
[ ] [ ] [} - - o 3
D r cos¢ O 8+ ¢) + o 1/2 (){2 + YZ) + 1, (Xcos®, + Y sind )
i o i i i i i

PP T SR TR T P IV R AN e

[ [ L . . [ .
- si X) +D. ) - X sin ¢
+ 0(r, cos® Y - x_ sin®, X)} D.( o+ %) (Y cos o - X sin %)

}
. » (] P :
: = D, (r.+ v ©sind. +Xcos¥. + ¥Ysind) ]
i 1 1 Q by 1 1 1
i
i
:
.
d 3L . . ‘. - 2 . b
oy r- = D, +r 0s )+ B 8 sind. +r © ) + B
dt 3%, i (ri v, Osia @1) A ( ¥ s :aurwl r b cos ¢x ¢i) :
[ ) [ . e » . . . ;
D. (X cos .t Ysing ) +D (Xcost +Ysine - X sing. [6+5.]

H b 3 1 1. 3 3 3 -
Y cost, [8+ &
+ Y cos ‘[ \}) .
.
. d alb 2l 2 : . _ 3
SR e Gear, T Gy T MLt xTeeD r o ( Wsing, - 4
i i
i
Qa . - L3¢ ] o’: L
8 cos 2] -B_ (e «p ) - = XY 4
a L8 .
28 (r_ cos@ ¥ -r sin® X) i ;
. g 3 Q 3 _'{
D.H’i‘cosé; «‘s‘%; zané )

t 3 3

: -T& e { 3-12 %
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CHAPTER 4

ANALYTIC SOLUTION - FOR INPLANE OSCILLATIONS

The Lagrangian equations of motion for inplane satellite dynamics form
a set of seven coupled nonlinear differential equations, which can be
solved numerically on a computer. To gain insights into the physical
behavior of the system, analytic solutions are useful, Simplifications
of the problem are necessary for the feasibility of analytic solutions.
The simplifyying assumptions are as follows:

1) No external damping

2) No deployment or retraction
3) Equal boom lengths

4) Harmonic approximation .
In assumption (4), the boom angles ¢; are of the order Ofe), o; are also
of the order O(e). Since 6= we at equ111br1um, 8 1’cse1f need not be small,
but the deviation from wg, is. Thus, let 8 = w, + &’ where &' is of the order
O(¢). The approximation scheme is "'all terms of the order O(¢€”) or
higher will be discarded in kinetic and potential energies, and, all terms
of the order Of ¢”) or higher will be discarded in the equations of mo-
tion'"., The results arrived at by using equations of motioan should be

the same as those obtained from kinetic and potential energies [10, 12],

4,1 No-Translation Formulation

We first consider no-translation, and later translation will be included,
so that the difference in results due to translational effect can be obtained.

in harmonic approximation, the matrix equation of motion (page 31)becomes

AX = B (4-1)
where [A]= (a 0 0 0 b)

0 a 0 0 b

0 0 a 0 b

0 0 0 a b

b b b b c

\ /
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\
[X] = ( '471 [B] = r—p q‘:l\ .
$s P %
85 P %
4 LI
| “,J . 0 J
where é = w, + é/, 6 = 5/ i
a = mre N pr3/3'
b = mrl+ pr3/3 tpry (mr + przlz)
c = I+ 1§1 [ mré + pr3/3 + 2r, (mr + prz/2 +pr02 (m+ pr)]”
= Ip
P = (mr + prz/Z) r, wg

Since we expect the motion to be oscillatory, we attempt solutions of the
form:-

Si(t) = ¢ (t=0) e ot
and

o'(t) t

1

o(t=0) &

where the frequency w is to be determined.

Substituting the solutions ¢; (t) and ¢’ (t) into the matrix equation of motion
AX = B, we find

(a9 0 o b 2 4’1\ XN
0 a 0 o0 b w? ¢ P 9,
0 0 a 0 b w? ®y ) P ¢
0 0 0 a b w? b, P ¢,
GO T T S w? o L o0
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This ejuation is just a set of five simultaneous equations:

Ve

awz -p

0

0 0

'awz-p 0
0 a wz..p

0 0

0 b c.uzW
0 b w?
0 b wz
awz-p b w?

2
bwz bw bwz C wz

P

(4-2)

In order that nontrivial solutions exist, the characteristic determinant
must vanish, Therefore,

det a wz-p 0
0 a.wz-p
0 0
0 0
bwz bwz

0 0 bc.'.)2
0 0 bau2
awz -p 0 bwz
0 aw? -p bw?
bwz bw? ccuz

The determinant can be calculated by using Liaplace's expansion.

is:-

2

w

This polynomial equation yields three distinct rowts:

(a w

2 3

- p)

2
[(awz-P)C-4b wz] = 0

wher
ere wz

is a triple root.

42
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The result

viz.,




RN

(N
P
3
5
i
%
23

3

These are the frequencies of three distinct modes of oscillations described

by the five variables ( ¢ , ¢2, ¢3, $ ., 8’ ). The triple root corresponds
to three possible patterns of boom motion in such a manner that the total boom
angular momentum is zero., The third distinct root corresponds to coupled
hub-booms oscillations.

Lim , = W (uncoupled) [Triple]
o —_—
p—>C r
Lim W, = w T 1
3 o = _T (coupled)

The hub-booms patterns of raotion (modes) can be found by substituting the
frequencies into the set of simultaneous equations of motion (equ.4-1)., We find

For @ o= Wy, o6 =0 , @’ = arbitrecry (Mode 1)

4
For ® = w _, z¢=0 6 =0 (Mode 2)  [Triple]

2 =1

For w = o ¢ =Ipo i=i, ---4 (Mode 3)

1 —

4b

4,2 Harmonic Approximation with Translation

In harmonic normal mode analysis, all the responses to excitations of
modes are infinitesimal. This is why we have separated 8 (t) (hub angular
velocity) into two parts: « and 0’ (t), the latter being the infinitesimal
response to mode excitation, where the former ¢ = w ) can be arbitrarily
large and is not a part of mode excitation itself,

Likewise, the translations X and Y should be written as X = X + X'and

Y = Y + Y, the dashed variables being the infinitesimal response to ex-
citation of modes, The condition or constraint that the center of mass
remains stationary is

4
MX + .Z, (m+pr;) (X +cos @i)zo

i=1 1
where ® = ¢ (t) + &(t) + (i-1) _’éT_
Let X-= XO + X!, where

4 r2
M + f (m + pri) xo = -3 (mri+ P 1 ) cos ¢,
= i=1 ¢ = const

and X' =X -X
o
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.4

ey

The time variable in X is 6(t) where 9; = constant, sb that X ig due to hub
rotation and not mode excxta.tmn, while X' is the infinitesimal response of the
order O (¢), as ¢, 6' are. Thus, the inplane oscillation variables are

¢ ) ¢ v bar g o', X, and Y; There are 7 inplane variables, and there
rnust be 7 natural modes.

From the equations of motion including translation, we have the following
matrix equation of normal mode oscillation in harmonic approximation:

3 )
(a0 0 0 b -d el (w2 é;) (p &,
0 a 0 0 b -e -d _wl b3 o,
0 © a 0 b d -e _wl b5 -p¢2
0 0 0 a b e d Ll ¢4 | = |[-po,
b b b b c 0 0 LWl 6 0
-d -e d e 0 m 0 e %! 0 (4-3)
e -d - d 0 O m{ | _,% {o
\ J L y P

where terms of the order O( ¢2), O(¢/M) or higher are neglected. The
notations are as follows:

= mr2 + pr3/3

»

o
]

2
mr2 + Pr3/3 + T, (mr + pr /2)
4 2 3 3 2
= = b
c IT Io + Z4 [mr +pr3 + 2 r6 (mr + pr3 ) +ro(m+ pxi]

2 ,
d =(mr + pr ) sin @
2

o
n

2
(mr+ rp ) cos @
2

N

" = M + gmi=M+4m
i=1

2 2
p = {mr +pr /2) X, Wo

In order that nontrivial solutions exist, the characteristic determinart of the

above matrix equation must vanish: det § A )} = 0
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Therefore,
det | awZ-p 0 0 0 bo?  .de’  ew?] = o0
0 awz-p 0 0 bwz - ewz -dw 2
0 0 awz-p 0 bwz dwz -ewz '
0 0 0 awz-p bwz ewz dw 2 '
bwz bwz bwz bwz cwz 0 0 :
-dow cew? da e’ 0 Me® o
ewz -dwZ -ewz dwz 0 0 ‘m uz n

Using Laplace expansion (Appendix D), we find the determinant gives:

w® M(aw 2-p) 2w 2 (mr +p_1:2_Lz 2 (aw 2-p) T[:(aw 2-p) c -4b2w2] =Q
2

The roots of this polynomial equation are -

Wy = 0
wz = O :
Y3 = 0 ‘

“ = [E
a i
v |
= L N
yex J 1 1

1- 2(mr +pr‘/2)2
Wa

U6 = 0.)5

[ 1

\/1-4b7-/ (ac)

w7

“F

Substituting the frequencies w; ( eigenvalues ) into the matrix equation
of motion, one obtains the corresponding eigenfunctions, which can be
put into a matrix form (L],



:
i
{
M
!
H
g

(4-4)

-1

-1

-1

4b

0

. =G

= 2{d+ e)

where F

e -d)

2

-
.

One readily verifies the following matrix relation

A B = i caees
dlag(wl, m.,)

BT

Explicitly,

r

-1
-1

Q

-2

0

auz-p 0

(4]

-8

aaﬁ-p 0 b
adz-p b

0

0

-e
-d

-d

-8

(4-5)

@y

0
0

0 w, 0 0
0 w30
0 0 ay 0

0

0
0

0 wy O

0

r

-

~1
-1

-1

-1
-4

-F

-G

-1
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where @ have been given on the previous page. There are three zero

frequencies, three non-zero frequencies, and two doubly-degenerate ;
frequencies. The natural modes and their frequencies for in-plane :
! dynamics are displayed in Figure 3.




Figure 3,
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Inplane Normal Modes for Equai Boom Lengths
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CHAPTER 5

NORMAL COORDINATES FOR INPLANE OSCILLATIONS

5.1 Harmonic Approximation with Matrix Formulation

In harmonic approximation, with no deployment/retraction, no damping

and no spring constant, the full Lagrangian L as given on page 31(Chapter
3) becomes simplified as follows:

4 ’
[ L= L + Z(L+L)
; o =g 1 1

{ 5-1)
whexe
. S Y- 1 2 . w2
L = 7L 8 +xMEi+¥2)
3 3 2
L o= w4 o) 624 6l me®+ o) b, + mx +ppt)
§ T2 WG YPhE) g my ¥ PTy) @ tumy TP
1.2 2 r'3 2
. d.]+ = & . =
3 : rocosd)i ¢1]+26 [(mx:1+93 )+(m+pri)r° +2.(mri+
3 P-a-) r_cos ¢i]

’ s ~ l . . . ) * . °
3 l‘x = 2€m+pri )(XZ+\‘Z)+ 6[(m+pri)(r0cos@xY r, sin ®; X)
L2
+(my + p=32~) ( Y cos Qi-Xsindﬁ)] +

2

N e .
(rm‘i + P 3 ) ¢i {(-X am@i + Y cos Oi)

3 Further simplicication of the harmonic approximated lagrangian is achieved
by observing that:

4 4
% Qo= % oe ¢ (ie1) D =
S cos @, [Ty cos {0+ (i-1) Z ) 0
X 4
}.: S % - > <3 ¢ {ie ® =
g5 ®i oy sin {0+ (i-1) s ) 0
3 2
4 r. Y.
and . 2 3 i
I = X “ 2p— ~ 2 — 1 o
L iT1 [(mri P 3 Y 4+ {mr #pri)ro + ?.(mri + P 3 ) rO ]+ lo
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which is a constant in case of no deployment/retraction. Using cos o

- 1- ) /Z in harmonic approximated, one finds a simplified Lagrangxan L
S as gwen below:

s 1
L=%1r°2+%( -I-z(n'wl-pr))(xZ Y?')+21[-z-(mra+
iz
3 3 2
—_ 02 [ 2+ xi + + ri ]. . 1.2
,1)3)0i + (mri ~3) (mri Pz T, 8¢ -6

r2 ‘#iz 4 riz . .
(mr +p-——) ro3 + i§1 (mri +P3—) (cos@i Y -

2 ]
§ . .« ® rl . [ . e [
sin @, 0X) + (mrié-p—z-— Hcos fbi ¢i Y- sm@iQi X) ( 5-2)
; Neglecting from the Lagrangian all constant terms, which do not contribute
to normal modes, we find the Langrangian is :
4 3
1 . 1 *+ 2 A ] -« 2 ri ¢ 2
= = 0 - + = O . —
2 oMY 2 i=![(mri FOTTT) 4
3 2 2
+2[ 2+p:i—~+( +.f.i.) 16'$ 2 + ) ;2
mri 3 mrivp ) ro ‘i - w “ime p-z-—)r ¢i
N 4 ,.2 .
" +5 525: Z(mr + P—-—- )(cos@ ¢ Y - sind. ¢1 Xt +
; 4 ?iz . . s
:_a; 3 () waveman ? o osin O -.,. .3
24 (_mri'rpa )(cos@iei e.muiOX) { 5-3)
It should be veminded that €= w + 0 and that X and Y need not be as
small as Q because X and ¥ are functions of  and Q From cone-
servation of linear momenta {(Appeadix Aj, we have:
% r, 2
:t;(mr +P—-7-°) { wg, v 8’ 0. )sm@
X = -
3
M+ % (m+or)
i=i -1
N £t v .
-2 (mr * 9-;'"’Hw +0:¢$ )cosd,
v = tECR | a H i
4
Maerx (m+pr)
' ' - il i

50




In harmonic normal mode analysis, all the responses to excitations of
modes are infinitesimal. This is why we have separated 6 (hub angular
velocity) into two parts, wy and 6, the latter being the infinitesimal

response to mode oxcitation, while the former (éo =coo) can be arbitrarily
large and is not a part of mode excitation itself. Likewise, the translations
X and Y should be written as X = X, + X’ and ¥ = Y, + ¥/ the dashed
variable being the infinitesimal cxcitation. By considering that the center

of mass remains stationary, we have:

4 4
[ M+ iz_:£ (m+pr)} X = - ‘31 (mx, + pr;2/2) cos d;
= ) -

where  ® = a(t) + & () + i-0)5-

Let X = Xo + X‘, where

4 4
M+ meor)]X, = ~Z (mg +pri2/2) cos
i=1 i=1 ' & = const

X'= X - %X { 59}

The time varying quantity ia X is 0{t) only, so that Z!i@ is not due to mode
excitation, while X'is the infinitesiinal response, as ¢, 8’ are infiotesima’
~0 {¢). Therefore, in harmonic fermal mode abalysis, the mode varigbles
are 9y, ¥z, €30 040 8, X, and Yas far as in-plane modes are concerned.

Subtrscting the part due to constant hub rotation . we have:

-

3 s, .
T frary YR 3] (04 9)) sind,
gl = iz bt
4
M X (mtpr)
i=4
2
N i ¥ o
- I (mr ¢ F5){0+6.) cosd,
=g i i
.l .
Y : o 3
+ o {my 4 pr)
;xign v l’
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As a resuit, the last termof the harmonic approximated lLagrangian as
given on page 50 does not conlribute to the kinetic enerpy, for,

4 1'2
L — = {mr +P~~£)(é‘§’cos@-65§ ind.)
“{last term) ~ 1 2 i sin &

i=t
| riz ¢ ’
~ £ | mr 4p—=)(6Vcos® +6%X'sing ) ]
izi L } - by Fy
2

$ ! ¥ . |
+ = (me. +p~>=) (¢ ¥ cos® ~¢ X siro)!
=t l i 5) 2 o o i o o i

&

+ terms pot couniributing to normal modes

SinceX cos¢£~0(e)) and 3 sin %NO(C ), the first sum on the R,H.S. is

of the order O ¢ ), and is therciore neglegible. The second sum, however

is of the order 0 ( <“/f1}. and, for ecual boom lengths case, becomes

2 . 2
i vo x I frar, + ! ) [ cosd. co50 ~sind sine }}
- - A RS . r o % oK ] , - X N 1
“(last term} ~ R i =t i TPz i ] i 3
.
2 Z
2 . .
G gy ‘ ey 1 2 2
- - £ R 3 i inand )
=T L TP T e TRy
Thug, the harmonic approximated Lagraigian becomes:
; 4 3 i
_ ¥ 2 1 202 g6, 1 2.5 22 C
bagh 87 gmET VT eg 2 HmgTeegmi e
izt
3 3 2 3
N 2 l"‘ t"i .y : r: ;
Blime gl v g, g #2100, < 2ty ¢
4 2 R
lcos” ¢ ¥ - si o X jred T g % s %pgg Ve @2
‘-l . . - 3 a3 2 - L ] & w 4 q " G »’
i i RS, @, 2 i=1 o W75 2 1% % k
i
f




In matrix notation, the Lagrangian in harmonic approximation is:

fa 0 0 0 bd el (&)
*i . e - “ YRR, cl .
L-2(1¢2¢3¢40XY) 0 a 0 0 b e b5
0 0 a 0 b d - ¢3
0 0 0 a b e d by
b bbb 0 0 &'
de d e 074 ¢ x’
Le d - d 0 02 LY/
-E o, &, & 6 X' Y) r’*a-q 6 0 0 (¢
2 ' %25 P \ )
O p 6 0 0 O i)
< 0 p -« 0 0 O 3
0-q 03 00 E%
0000 0 u o
0 0 0 o xf
’
. 0 @ 0o 0 QJ { .:J
whare » N £3
' 'aﬁtzml’“+t‘*"3:~)
b= (mrd +p ﬁ)*(n “ﬁﬁ)
3 * Ny * 3 rﬁ
¢ = i,
I3
2
d 2 fmr +25) sin u,t 3
e:fimr-spi)cnswt i
2 3. g
TR=Mzdn+pp) a
4 3 ’
»z {mr ¢ g0/ 7 “ 7;
- B CRL) 4 ég’;f’!?; fzwafﬁ:
Pipegq 3

WM
]
"




The Langrangian L has been written in such a form that the matrices [T]
and [V] are manifested.

1 . bt 1 i
L:’z"[¢1aooOY}[T] ¢1 '2[¢1"“YI] [V] ¢1

¥ Y/
The orthogonal matrix is [B] = ’O ¢ 0 1t {1 1 1 1
0 0 0 -1 1 -t ¢
0 0 0 1 £ -1 1 |
0 0 0 -4 4 1 1 ( 5-5) !
where F = A9 1 0 0 0 0 0-2b
C
G:.Z.(.:%_t_GL 01 0 0 F G 0
i\o 0t 0 G -F O

5.2 Orthogonai Transformation of Kinetic Energy

[B] is not orthogonal in the usual sense:

ie. 8] [B] # I

[B] should be orthogonal in the unugual sense:

(8] [T][B] = I
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R

where D

2 2 o
4a - 2(d +e)F +2(d - e)G = 4a.[1-ﬂg—7-;(—e—)]

2
= 4fa - 2(mr +P’%‘ )2 ]

V4
The above result of [B]T [T}B] is not unity matrix because B has not been
normalized. It would be unity if B were normalized; viz., normalized [B] =
- 3
o 0 0o p v v Y
0 0 0 -p v =-v Y
0 0 0 B ~-v -v Y _
0 0 0 - -v vV Y
4b (5-6) i
« 0 0 0 0 0 -y~
0 F 0 0 F Qv 0
0 0 ¥ 0 Gv <Fv 0
L ) ;
where {
O = =
=
Jc
1 :
P= 5 e
t
v = |
4b :
2 a‘—é——
i
b= /==
n
i
v = 1o
) 2(mr + P2 )2
M + 4m
t With not much confusion hopefully, let us still use [B] to denote normalized
’ [BL o.ow, this normalized [B] satisfies the unusual orthogonality relation:
o - T
3 o . [B]" [T][B] = [I] (5-7)
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Now, we can define a new set of coordinates | ¢ } related to the

coodinates { ¢i’ o, X! Y,} by the equation:

-

1

o o {8 o o o O

o r © o o © ©
+ © © o © © ©

0 Gv

i

-y

Y
Y
-v Y
Y

where {§,}are the normal coordinates.
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- Limit: p—-0

o —

1
"I I +4m(r +4r )2
- T o o)

E .

N S
2 fmr

—
i y { Ip = B Ip
K ' - 2 ymr V Io I

T
|
?I
+
N
8

A
i
X, 1
s H
N i
i
i

———— ——

T (M + 4m) M +4m

= i M +4m m m
4 PR SO — e~ 4 o— —
-3 > for V M+2m gl M + O MZ) )

for small %I‘— « 1

' V e —
| \/ 2 Zm2 r2 = 2r Mm + Zm2
2 \/mr ———a

The kinetic energy K. E, in terms of these normal coordinates is:

K.E = (617 mI7 (11 (8] (€]
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But the unusual orthogonality relation is:

(817 [T1[B] = [1]

Hence, the kinetic energy in normal coordinates becomes:

1 7 . @
. = Z
K'E'—Zizi i°i

[¢] = [B]"! [4]

where

The inverse [B]"1 of [B] is calculated in Appendix F, Itis

- S L S S S S
b (8] " = ca ca ca ca @
. _F-G _FiG F-G FiG 1
b 4p 4y 4p 4k "
- Fic  F-G Fta  EG 0
. 4p T 4p T 4p 4u
1 1 Y 0 0
] 4 Tap 1B 4p
i 1 -1 - L 0 0
4v 4v 4v 4v
T s L
] 4v 4 T 4v 4v
2 1 1 1 1 0 0
L 4y 4y 4Y 4y
: 2 r r?
where b (mr® + p—) + T (mr + P-é—
ca ,“""
: I'I‘
F+G _ _e (mr + pr?/2) cos wet
4p
7 Jﬁ + 4(m + pr)
F-G _ d = (mr+ pr2/2) sin w,t

4p Thu

JM + 4(m+pr)
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1 V a i / 2 r3
— R mre© + p=p7—
4p 2 2 3

2
i _ 1 3 ro—2
= 3 \/ (mrz 2(mr +P—7—)

r
4v +93) " M+ 4(m + pr)
r _ 1 (mr? + p r3 o4 §m1'2+gr3[3! + (mr+ 52/2) ;;0]2
4y 2 3 IT

Limiting Values:

mr (r + ro)

e b
Limit P.—-—)O co > J.I_T,
F+G . mr cos wot
4u ‘{M + 4m
F-G myY sin wyt

3 >
M \IM + 4m

1 - m r
4p - 2
41v — L mr - 2mzr2 1 Mmur? +2mzr2
2 M + 4m 2V M+ 4m




1

Therefore, the normal coordinaces are:

_ b Lo’
€1 ca(¢1+?2+?3+¢4) ta®

[- (F-G)oy - (F+G)o, + (F-Clo, + (F+ Q)] 45 X

ury
o

{
.a-'...

T8

1
§g = oy -0,-0.%0)

- 1 (5-10 )
€7 7 Iy (St e, v 0,40

In the limit p — 0, the normal coodinates are:

r
£, = nr(r + 7o) (b +d, % ¢34+ 4 + NTZ 0’

= = -
!
gz _ mr [ - b si : ——
= ———— [ - ¢ sinw_t - §,cosw t + P3sinwyt + p,cosw _t] +X VM + 4m
o o o
VMt am ! 2 e

mr . .
£, = ——— [$cosw t -d2sinw t - coswyt - dysinuet] + Y VM + dm
3 NM +4m ! 3

g, = LB [p, -0, 40, -0,

-

B
vmr M+ 2m
s = 3 M+ am [Pyt - 43— d,]

3 e -
3 . oAamr M+ 2m
£g 2 M + 4m “’1"93""3 oyl
f IS - :1:52—!‘—- l() ) "
&9 2 T Loy +o, oy 40,
L .I‘
61




3
't
k1
i
o

0 Fv Gv

0

N O
;. ¥
o ~ 08
e 3
o— 2)
o~
r22r_2
Q Q.
+ +
% &
& £
1 "
e o
b [13]
e 4
5 2
c 3
=
et
L] B
ﬁ
]
2 O o o
0
Q,
n © © o
°
<
o S © o
ﬁ
a
m OW.O
8
:& n.u‘O_D.
Q
o o i,
& o
—f
o m o &
o ]
Of e
Y
& i
..Lm —
% >
O —

5.3

T s

O © o o

0

= 8]

H]

62




cAMLIAE ATt len caC GwcvERTY L 0 - I {

Thus, in normal coordinates, potential energy is:

ﬁ
- ]

1 T
5 (Egeeeeet (B [V](B]

t (.2 Y | ] |
Tg (Eeeee 80 w { 4

(%2
P RNV ST RS RP Y- SRPNIUPINERRR s PRI S

.. potential energy P.E. = 7, soq W §,2 in normal coordinates.

..the Lagrangian L in normal coordinates §i is in the form:

o i m

(5-11)

where the normal {requencies w, are given by:

Wy =W, T ey E 0 [Triple degeneracy: constant rotation,
constant X translation, and constant
Y translation]

2
Wy '\ll‘m p =%
Lim wy = W fﬂ [Uncoupled mode: angular momenta

p—=0 r of booms cancel cach other]




L e e P R i it R B

m r+r m2 (r +r)%
(1 +51 —2 o*o(m -—-z—Ql))ior small% <t
) r

o

‘J;"-lir:) us = uol -f-

- ws
A e !
I\I4P‘! a i - ar?

ac

o
Lim w. = w af—T I 1 [ Couples mode: total angular
P—~o ° o momenta of booms is nonzero]

“6

1]

These results are identical to those abtained in the previous chapter.
There are three nonzero distinct frequencies as compared to two nonzero
distinct frequencies in the case of no-translation formulation. However,
the frequency of the modes with translation is very close to the uncoupled
mode frequency. A general oscillation composing of various modes there-

fore exhibits beats piacnomenon, because:

R r 4oy,

r m 3]
A L - = Q ¢ e ——— -
WoE g -y “’e‘\};-——, Y r teoo =)

ee—

8

Yo m rirg
Tw A e e
o\ r Mo or, (5-12)

which gives a beat period AT of the order of over one thousand seconds
far 1975, This pheasomenon would be absent in a formulation without trans.

lation,
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CHAPTER 6

o * OUT-OF-PLANE OSCILLATIONS (OPQ)

’
Figure 4. Boom Movemeats Qut-of -Spin-Plane

Notation:
0 = center of hub
. 2, 3, 4 = exit points of boams

7 = spatially fised Zeaxis

OBQ axis of hub ave 103 and 204.

@.{ are angles subtended by to with the horizontal plane

v arw angles subtended by i-th booin with the correspoending ha') axis

¥. and y. are defined positive if counterclockwise {rom equi’ibrium,
28 viewed at ¢ oy §.

:s and yjare measured in 3 corotating frame aboul Z-axtis; < is the
iéﬁ}.lh of herizoatal pojection of 3 tip mass froms 0 on the horizontal

alane.
”hp }lass
spatialis vertical €
jfor yi
3 e L) , .
3 A v % spatially horizontal
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6.1 Coordinates of Tip Masses

v
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r.cos {9 +y)+r, cos B,
i i i i

0
i=14,2

5
1]

r. si I Y i
tsu\ (9‘ vi)+r0 sin 61

vy cos (0. + ¢ +T)+r cos (B +1w)
i i i 0 t

<
1
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0
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ri
x
it
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7. = sin {0 +U ) +{0 +U)lr cos (B +¢)+e cos 8,
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Kinetic Energy K. E. of the system due to OPO =
3

. s 2 s 2 . .2 . -2 M 2
s - b vy . v——
K. k. 172 1103 81 + 172 x20462 ¥ 1/2 g:gmi ().i -P(yi-k/,) v 7.
where il()S is moment of inertia of hub about 103 axis.
EZO-@ is about 294 axis.

Y is the y-coordinate of i-th tip mass without translation.

Z is translation of hub, {Z and A are in the same direction)

Potential Energy P. E. of a tip mass

[ H]

mgdh

m wg (v + ra) ri{l-cos )

"

peall 1 )

ACEERA an
Lagraagian L of the system due to OPQ is
LeHEIE « PR
- 2 2 M 22
L= b2, .80 ¢ 1F2 1 o, 2= 75
- 103 i TRpe 2 T2
* .
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3 el

9,79,

where 0

s = spring constant

6.2 Out-of-Plane Lagrangian

Including deployment/retraction, mass density of wire, spring constant,:‘
and translation, the Lagrangian L for OPO is:

[ ¥'A N
.= +
I 1/211 91 1/2129

N te

3
+1/2 = [(m-fpr_)i-.z + (mr.2 +pri ) (6. + LL )2
1 i'i i 3 i i

T Vi

+ZZ)+26 r

®
+ (m + pri) (9,l ro 1 %0

[(m + pri) r sinll!i

i 2
+(8, +4) (mr + p_rzi_)cos ¢i]]

2 2 ,
. R . . r. . .
Z b {(m + m'i)ri sin (9i + upi) + (mr_l +tp_ i) ((‘),l + Lpi).cos (9_l + ¢i)]

+
i=t 2
4 2 .
- L - - -
15‘1 [(m + pri)r,l sin (6 i-2+ qu) + (mri + p_?l ) (ei_z +¢i) cos
($] +
4 3 2
M
b /) - wz' b)) [I(mrz_ + p i )4 r_ (mr, + pri ) |. (1-cos 41,)]
0 . i —_ 0 i - i
i=1 3 2
4 2
-1/2s X b (6-1)

where 63 = 91 and 94 = 92
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6.3 Harmonic Approximation

We now simplify the Lagrangian L for the purpose of finding normal
frequencies, modes and coordinates. We assume:

1) r=0; no deployment/retraction

2) r,1 = r; all booms are of equal length

3)  p=0; no boom wire mass density

4) s = 0; no spring constant (s is small compared to centrifugal force)
5) I1 = l[2 because of ri =r

6) u., ©., and z arc of the order O(¢); only terms up to Of ez) are
¥i Y

kept in harmonic approximation. ¥lence, cos llJi =1- 4‘1%2+ ..

Assumptions 3) and 4) are for the sake of simplicity in algebra. If
we are willing to tolerate some slight complexity in algebra, we can
relax the restrictions 3) and 4), even though they are not essential
for the analysis of normal modes,

Thus, the Lagrangian L simplifies to:

2 2 4 2 rd oo -
=1/21 (8, +6,)+1/2 2 {(mzr, +p ' )(6. +¥)" + (m +pr.)
1 1 2 ) i - 1
i=1 3
2 2
2 2 .2 . . . ri2 ¢i 5 5
- Z Z
(6,1 ro +z)+29ir0(6i+\pi)(mri+p2 ) (1 __2_) + 2y
2 2 4
(6; + . . . .
e+4»)mr +p1)(1-—-‘-—tp-‘l—-) - 2% {8, ;) mr. +
2 {23 i-2 i i
2 4 r,
ri 2 1
J[t - (852 + %™ -1/20) ZHllmr,  +P— )+ (mr, +
p— 0 i 3 i
22 i=1
r 4
i M 2 ) 2
pz“o”’i} t7E 7 Tk
i=1
3 2
Since I, .7 I +2[(mr2+P£)+(m+ r)r2+2(mr+P£)rj
1T 1 : 3 PT/ Ty 2 ' 70

is a constant in case of no deployment/retraction, we further simplify
the Lagrangian L to the following:
2 s 2

(Gi + 62 Y+ 1/2 m ZZ (cont. next page)

=1/2 IiT



3
(m 2 + p§) (zé,1 g, + 43,12) +(m +pr) 2°

. +1/2
¥ . i
F 2
+2(mr+p£)r 04,

£2 I .
+Z(mr+p-—-) ‘+ + 2- 413-4)

YA

4
2 4

-1/2[062(mr +P-§+r (mr+P— ) +s] = Lll (6-2)
i=1

In matrix notation, the Lagrangian in harmonic approximation is:

ErEEnEn

v\

4

L= 1/2 (§ ¢2¢3¢491622) ~

——

oo oow
W

A TTO OO O
A oU O OO
. 0o OO o
o0 g og
O N OUv o U O
t
o

o
Ne D O
[y

o,
+
oy

+

N

-~

-1/2(4'1 ¢2‘P3¢461 OZZ) ~

O OO OO O .Nn
O oo oo 0
OO OO0 OO0
O o o0 O o0
OO OO0 O0OO0
OO OO0 O OoC O

(S @ o000 o,
<

2
e / LZ 4

r
mr +p—

where 3

N
i

b=mr +p-r—+r (mr+p—)—a+r d

w
o

C:IIT

]
2

2
T
mr+p'?:

Rt
[e8
1

M=M+4{m+tpr) «M+ 4m
B 3 2
i 2 2 r r
[ = W —_— —_
q U[mr tpytry(mrtes )] + s

H The Lagrangian has been written in such a form that the matrices [T}
I and [V] arc manifested.

- 70

R Al o J ot 6 ETApN o “bhie oy Lammr ERC R
o, & W ‘i' 4 S8 b N e s g e : R AR i bk AR L P

B L D UM URS.
e o S L N



A ] 4“1 4.11
L=t/z (... [T] [ ] - t72(4...2) [V] []

where:
r~ Y
[T] = e 0 0 0 b 0 +d
0 a 0 0 0 b +d
0 0 a 0 b 0 -d
6 0 0 a 0 b -d
b 0 b 0 ¢ 0 0
0 b 0 b 0 ¢ ©
\id d -d -d 0 O ﬂy
V] = (¢ 0 0 0 0 0 0)
6 g 6 0 o0 o0 o
0 0 g O o0 0 0
6 0 0 g O 0 o0
6 0 o0 © o0 o0 o0
6 o o0 o0 o0 0 o0
6 ¢ o 0 o0 o0 o
. J (6-3)
From symmetry considerations, or other methods, the orthogonal
matrix has the form:
8 ™
[B] = 6 o0 o 1 0 -1 -1
6 0 o0 O i S |
6 o0 o t 0 +1 1
o o0 o0 o 1 -1 |
0 0 t -« 0 0 0
0 | 0 0 - 0 O
Li 0 0 0 0o o0 B (6-4)

corresponding to the seven modes: pure translation, pure hub rotations,
coupled oscillations, saddle mode, and jelly-fish mode, respectively.

The unknown quantities ¢ and B can be found by considering conserva-
tions of angular and linear mementa. For the coupled mode (4th or 5th
column of B), the sum of angular momenta of booms and hub is (see
Appendix B)

3 PAR

) 2 r r
L =y ¥ =
11T9+2[mr tP3 +r0(mr+p2)] 0
so that
. b .
oe 2
17T
' . 2b
Thus, for ¢ =3¢ =1, we find a5 - =—
1 3 C
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For the jelly-fish mode (7th column of B), conservation of linear momentum
gives:

4 ' »
MZ= 2 [(m r, +p_1:i )\i:i cos qu - (m +pri) Z]

i=1 2
: so that: 2
; r .
? . _4mr+P2 )y
' Z M + 4m 2
. 4 (mr +P2 ) .4
Thus, we find B = M + 4m = n

So now, we have an orthogonal matrix B:

™
(B] = (0 0 0 1 0 -1 -
0 0 0 0 1 1 -
0 0 0 | 0 | i
0 0 0 0 1 -1 {
0 0 1 =2bc 0 0 0
0 i 0 0 =2bk 0 0
1 0 0 0 0 0 4d
e (6-5)
J where [B] is orthogonal in the unusual sense: [B]T [T][B] =1
. e 2 4d?
-fz [B]" [T][B] =[B] d 0 b a-— 0 -a -a+.7,(—
2 2
: d b 0 0 a-éc‘h a -a‘}%‘lc‘l'
b 2
- 5 2
= -d 0 b a 2h 0 a a- i)c(i
g c 2
. ¢ b 0 o a2 ad”
. ? - a- [ -@ a- 7ll
0 0 ¢ 0 0 0 0
0 c 0 0 0 0 0
7 c o o0 0 0 0
(M J
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0 0 0 0 Z(a--z—ctl ) 0 0

0 0 0 0 0 4a 0
2

LO 0 0 0 0 0 4'(a-ﬂ4n—d J)

which is diagonal but not unity because B has not yet been normalized.

Normalized Orthogonal Matrix [B] is:

- - cn )
. [B] = 0 0 0 n, 0 n, -ng

o 0 0 0 n n -n

: wheren, = ——
"

3 e (a, b, ¢, d, 7& are defined on Page 69)
2 /al 4d?
Z

E This matrix [B] satisfies: [B]® [T][B] = I

‘S 73
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1
i
i

Now we can define a new set of coordinates f§i§ related to the original

coordinates )}¢.,...,z{ by the following equation:
i q

~ (e )
) &g
. 29
. = [B] 10
\ Z €14
\ /
where f§igare the normal coordinates.

The kinetic energy in terms of these normal coordinates is:
. T T .
K.E. = 1/2 (§)" (B)" (T) (B) (£)

But, the unusual orthogonality relation is:

Hence, the kinetic energy in normal coordinates becomes:

[

4 .

K.E. =1/2 g &
R 1
i=8

1

where: [£] = [B]-

The inverse [B]-1 is calculated in Appendix G. It is:

[B]‘i _ r_ d d - d . d 0 0
772n1 Mo, iHng Ko
|
Q il 0 b 0 ';
cn, cn, 2
{
Ly = 0
cn, cn, 2
Lo Lo o o
n3 ny
0 EL Q 2:11 0 0
g 3
S T O T T
4n4 4n4 4n4 4n4
S S SR SIS § 0 0
" 4:15 4n5 4n5 4n5
74
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i
i
35
B
I
24
-
k>
sy
i<
A
I
o .
%5
Y
J
21
3,
e
1§
M
N
5
K
A2

where a, b, ¢, d, /)
Lim -,—d~ = Mmr Lim =
P= 0 W(nl v S P20
|
!
Lim 2= Tt g, L
! pag B (T pagp M
Lim 1 VM + 4m s Lim in
] nl P21
Lim -+ - VI Lim I
P w0 n2 1T PRI iT
Therefore, the normal coordinates for out-of-
g -4 Sw 1
8 “nln, (W +y - by - gy + Y z
b = (u+ug+ i g
9 cn2 2 4 n2 i
b 1
S0 Tom W tep+toe
10 (.nz i 3 n2 2
t
&y = 2n, by + 45)
1
| N "2, (b, + 4y
{
&3 in, T Y=Y
b, =T | Yot )
14 “qn_ W mdy T by
75

» B,y «..n. are defined on pages 70 and 73.
1 5 §

2
mr- Iyg
2 —
Lt
Jm r
2

2
= Iw+2m(r+r0)

plane oscillations are:

(6-8)




In the Limit p-»0, the normal coordinates are:

mr

§8=W(¢1+¢2-¢3-¢4)+ VWM F¥dm 2

£ :,wro) (4;2.*.‘#4) + \/I_— 2]

9 ‘ﬁir T

£y " -’f/-‘;—__(i*‘—rO’ (b +¥) + NI e,
iT

£, = %r-z Ii:f (%, +4,)

£, “‘2‘”2 —?1—‘; (b, + 4,

6.4 Potential Energy Orthogonal Transformation

[v] =

c ©o o o © 0o O
c o 0 o © ©
o © O L O O O
c o o ©o o © o©

(O c o © o© O.D\

3 2

2 r L3 X
[mr” 4+ Pzt (mr +P-2')] +s

where q = wo 3
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18/ [v] 8] = (B]T [v] (0 0 0 n, 0 en oop)

3 4 5
0 0 0 0 n3 n4 -n5
0 0 0 n, 0 n4 ns

w,n,_m
w
N
"

2b
0 0 n, - c 3 0 0 0
: 2b
0 n, 0 0 - c N3 0 0
n, 0 0 0 0 0 ig‘nf)
- n J
3 = [B]T (0 0 0 qn, 0 -qn, -q@

o
o
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SO e,

Thus, in normal coordinates, the potential energy is:

ILE s 112 (.. ) (B (V) (B) [gg

§'1.4
r~ 2 -
= w 3
1/2(&,8...%14) . .8
h)g *
.2 S14
10
- wz
L 14J
14
I uz gz . .
P.E =1/2 Z ) . in normal coordinates.
=g * i
Y the Lagrangian L in normal coordinates §.l is in the form:
14
2 2,2
= = ] ¢
L=1/2 i=8 (E"i P o) ( 6-9)
where

the normal frequencies w, are given as follows:

‘“3 = w9 = uw = 0 [Constant translation, and constant rotations)

/ a+r, ydb s
Coupled ‘/—:l 3 a - Zh ‘/C ,

Modes a- 3bé‘.
Wz W
12 i1
Uncoupled ' (
Saddic Mode W _ = 1
t3 a
{
Jelly-Fish  § e
Made ' tg a - 4d’
l T
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Limit p—-0

) 2
Lim a=mr¢y

P-0

Lim b=mr(r+r0)
P-=0

. - 2
I;;x.TQIiT = 110 +72m (r + ro) _

Lim 4 = my
p~0

Lim q= m@z mr (r + ro) + 5
P--0

For s small compared to woz mr {r + rO). q= “(*)2 mr (r + rO).

Thus, the out-of-plane natural frequencies in this limit and harmonic
approximation are:

ug = ug = ulﬂ = 0
r+r T, ..
“1 %% / ¢ Coupled Mode
v 110
Gg = Gy
- )
“y T R } Uncoupled Saddle Mode
r
fr ' v M ¢ 4m Y b Afiesd
" uo / " 0 ™ Jelly-Fish Mode




CHAPTER 7

UNEQUAL LENGTH BOOMS

7.1 Boom Pairs of Unequal Length, Normal Modes without
Translation

New oscillation frequencies and modes emerge if the boom pairs be-
come unequal in length, after deployment/retraction. For large ratio
2f hub to tip masses, good approximation can be achieved for a formu-
laetion without tr ‘ation. As discussed in earlier chapters, there
are usually two approaches to solve an oscillational dynamics problem
analytically: (1) evaluate the secular determinant to find eigenvalues
and eigenvectors; (2) write down the mode matrices from symmetry
considerations and perform orthonormal transformations.

Because of the asymmetry of the system for this case, it is reasonable
to follow approach (1) first, i. e., to find the natural modes. The
second approach wiil be attempted later with translation included.

In harmonic approximation, with no damping, the total Lagrangian L
of the system without translation is:

0 =y @
where
L, = 1/2 1, 6%
3 3
i a2, . i s
L.=1/2(mr, +p— ) ® +06[(mr, +p ) &, +
3 i 3 i
2 3
"i . .2 2 N
+ (mr, tp——) r, cos ¢'i ¢.l] +1/2 9 [(mri tp— )t
2
2 "i
+ +
(m pri) Ty + Z(mri +p > ) r, cos ¢i]
wherer, =r, = r, andr, =r_ =r'(letr'>r). Thus, ignoring damping

1 3 2 4
terms, the Lagrangiar. L in terms of the five generalized coordinates
o, 4:2, ¢3, ¢, 8', where ' = 6(t) - 8(0), can be written as:

1 4 .
(s ,-
] ) [ ® i
L=l/2(¢l...6')(T) : -1/2(41...0')(V)
ol . 8
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where

1
[Tj=Ja 0 0o 0 b (vi=[p 0 o0 o o (7-3)
0 a* 0 0 b 0 o 0 0 o0
0 ¢ a 0 b 0 0o p» 0 0
60 0 0 a b 6 0 o0 p' 0
b b' b b ¢ 6 o0 0 0 o0
\ 3 4 a X :.13 p
where a = mr +P-§—- ' a'=mr' + P-.’:-
3 3 2
2 r & 2 r r
= + + + 'z Vo pe— ' e
b = mr 9‘3—- ro(mr P—z-). b' =z mir vps *rotmr +Pz)
4 2 ri3
=1 = = + £ in P— 4 ;
¢ i‘l‘ (¢ =0) Io oy tory P 3 {m + pril o
2
1’i
2 b D ————
2 2
r P ¥ JA
= iy g — W LT ¥ —c—n
p (nrfpa)ro 5 * D {mry +Pz)ro UO
fLet rf > &, sothata'>a, b'>b, p'> p]
The Lagrangian L leads to the following five equations of motion:
S 3
NOT, 8+ 2 V420 (iz21,...9) where ¢§_. denotes @',
P I R 5
JEa 3=
For uscillatery motion near the equilibrium, the sclutions é.& = @, (2=t
expi-tutl) can be tried, leadiag fo the following simultancous squatio.s:
LAV, e - w T.. #,} =9
Nestrivial goletions exist if the vanishing condition of the sevuiay
dotermnant is satisfied.
det as -p o ¢ ¢ " =g {7-43
2 2
0 ale -p' & e e
Z
ﬁ g & - -p 0 ™
z 2
G 9 G &' w -p° o
b 3 3 b4
be" B u“ [ - Ly -12 < ..D
{
.

¥
~e




which can be evaluated by using Laplace's expansion. The result
is a fifth order equation in w":

wZ (ac.)2 - p) (a'wz-p') [c(awZ-P) (i"'m2 -p') -

262 are - py -2b%P @l -p)l=o0 (7-5)

Thus, the eigenfrequencies are:

ui:o
uZ:JP/a

Ay

W, and w. are not quite as simple as the others, but they satisfy a

. .2
quadratic equation inw :

c b2 b'Z

(7-6)
&wz aw =-p a'wz-p'

)
+

with the solutions:

w
4 -B | B . 4App'o::]1/2

wsl)= ZA (7-7)

H]

2
where A caa' - 2 (b2 a' + b' a)

B 2(b2 p' + b'2 p) - c(pa' + p'a)

In the lim.. p—0, the eigenfrequencies are:

=0
“1
uz = f..(.). w
r 0
r
0 w
W = —
3 r 0
Yo
o
r'ar 4 “o
Iim w :_o__l_'l_
r'-er 5 T, wo
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The modes corresponding to each eigenfrequency w, are determined by
the equations of motion:

(a.c.:2 - p) bi +‘ow2 g' =0
(atel - P b, +biw’ e =0
(2’ - p) o, +bu’ 8 =0 (7-7)
(a'wz - p‘)¢4+blw2 ' =90
| -
b(<p1 +45) +b'(4>2 +p4) +c¢8' =0

Mode {: w = w = 0, o= f)i =0 (i =1, ...4) which implies no oscillation.

Mode 2: w =W

) M,¢1:_¢3,¢2:¢4:0’91:0

1l

Mode 3: w = w Jot/a' ¢>1={>3=0, 4)2=-¢4, 8! =90

These two modes (2 and 3) are uncoupled modes because hub rotation
is unaffected. Their frequencies are not new, and for finite hub mass,
there is translation involved,

Modes 4 and 5: These two are coupled modes. Equation (7-7) gives:

b 2
b= b= o (7-8)
aw -p
2
b'w
ba byt O
a'w - p

2
where w satisfies equation (7-6) for these modes. Therefore,

2 2

by L T
= = 7-9
4)2 ¢4 b' a wz - (.022 ( )

There are two roots of equation (7-6). Without working out the details
of the explicit solution, we can analyze their behavior by plotting to-
gether the L. H. S, and the R. H.S. of the equation.
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L.LH.S. =
&wz
\ b /a b'™ / a' .
R.H.S. = z 2 + o3 wz (7-10)
“ T2 "3
3
l
!
l
l I
| ]
S\
w—
l |
| |
| |
Figure 5, Locations of Modes 4 and 5 Frequencies

L.H.S, curve is denoted by *

From Figure 5, one observes that the higher coupled frequency
wtis higher than both uacoupled frequencies w, and w,, while the

lower coupled frequency wg is intermediate between w, and W,

For mode 4, w4> wz > w4y SO that equations (7-8) and (7-9) give the

mode pattern: (¢, ¢', ¢, ¢', -8'), i.e., all booms move in the same
direction with the same frequency in phase pairwise, while the hub
moves in opposite direction.

For mode 5, w, > w5> w45 equations (7-8) and (7-9) give the mode

pattern: (¢, -¢', ¢, -¢', 8'), i.ec., booms adjacent to each other are
completely out of phase, and therefore oscillate with the same frequency
despite unequal lengths, while the hub is in phase with the short pair of
booms.
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For summary, we display the schematic diagrams of the modes below.

Figure 6. Mode Shapes for Unequal Length Boom Pairs
85

‘




7.2 Four Booms All of Different Lengths

The normal modes of a heavy rotating hub with all four booms of dif-
ferent lengths can be found easily by using the secular determinant
method, in the '‘no translation'' approximation, the error introduced
by neglecting translation is of the order of:

as discussed in Chapter 4. For satellite 1975, this ratio is less than
1. 6%,

The method given in Section 7.1 yields a secular determinant condi-
tion for the case of all different boom lengths:

det a.lc,)z--p1 0 0 0 biwz =0 (7-11)
2 2
0 a,w - p, 0 0 bzw
2 2
0 0 a,w = py 0 b3w
2 2
0 0 0 a4<.o-p4 b w
2 2 2 2
biw bZ w b3w b4w cw
3
2 5
where a, =mr, + Pp—
i i 3
3 2
2 "
b, =mr, +p—— +r_ (mr, +p— )
i i 0 i 2
3
4 2 r,l3
c :IT(¢>=O)=IO+ ‘f,i[mr,l +PT +(m+pri) Ty
2
i
+2 {mr, +Pp—)r.]
2 0
2

i
(mri+P p ) r

<
t

[Let ry< r,<r,<r, sothat the uncoupled frequencies w, satisfy:

> >
Wi 0)2 0.)3 > g)4
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where:

which is the uncoupled frequency. |

The 5x5 secular determinant can be evaluated without difficulty using
Laplace's expansion. The result can be further simplified by dividing
throughout by: 2 4 2

w It (ai W - pi) , to the form:

i=1

4 b.z/a
K- i i
wZ i=1 wz_ wZ

Instead of seeking explicit solutions for this 4th order polynomial
equation in w®, it is most illuminating to plot the L. H.S. and R.H. S.
of the equation against wz, in order to understand the properties of

the roots,.
\ vQZ
Q
kJ,3
94 o
5
w w, wz <.o3 o
Figure 7. Frequency Location of Modes 2, 3, 4 and 5 for a heavy

hub with four booms of different lengths. L.,H.S. of
kqu. (7-12) is denoted by * curve. [The trivial root
w= 0 of Equ. (7-11) is not shown. |
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It should be pointed out that all four modes are coupled modes, with
slight translation due to unbalanced hoom lengths. All @ are higher
than uncoupled w,, respectively., In case the hub becomes infinitely
heavy Lim Qi - w; assymptotically.

C+

The mode shapes can be found by using Equ. (7-7) for each .. The
schematic diagrams of the normal modes of a heavy hub with four booms

of different lengths are displayed below:

: . n
. \
" — g ~ }" (-' ‘\‘%‘ :)‘/" e
T ; )
,! |
= Q=0 _ _
©T M vy W=y

! Figure 8. Mode Shapes of a heavy hub with booms all of different lengths,

e Note that for oscillations in a pure mode, all booms and hub oscillate with
S the same frequency, not withstanding the unequal lengths of the booms.
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T.% Unequal Boomn Pair Lengths, with Translation v N

In matrix notatation, the Lagrangian in harmonic approximation as
given in Chapter 5 is generalized ior the case of unequal boom lengths to:

¥4 4 A %

. . . Q Ol oy .w
(¢1¢»2¢3¢48X ))J=a. 0 0 0 b d e ¢

1
0 a 0 0 b o< 4l |

L =

oo [

0 0 a 0 b d -el |4,
| 0 0 0 a b e d |
4"

b b b b c 0 0

A\

1, . - C)
- sl 4,0,6,6 X Y5 0 - 0 0 0 0] |e

where a = rnr2 +pr3/3

b = (mr2 + pr3/3) + r, (mr + prz/?,)
c = IT (¢»i = Q) o,
d = {mr +pr2/2) sin wot qg=2 (mr+ Prz/z)z wo /7}2
e = (mr +pr2/2) cos w t

(6] -

p= ptgq

A= M+ 4m

. 2 2
(mr +pr©/2) rowo

e
1

and the subscript 1 stands for functions of ry in place of r (r ¢ ri).
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From symmetry considerations, with guiding light shed from the preceding
sections, the orthogonal matrix [ B ] can be written down:

[Bl= [0 0 0 0 4 w pu

0 0 0 4 o0 1 1 (7-13)

0 0 t g £ 0 0
L J

corresponding to the seven modes: pure rotation with no boom nscillation,
pure translations with no boom oscillation, uncoupled modes with trans-
lations, and coupled modes without translation.

The unknown matrix elements (f, g, etc.) can be determined by considering
conservation of linear and angular momenta. For the first translation mode
(4th column of B), linear momentum conservation gives:

4
4 f1 = - iL_‘i (mri+pri2/2) sin(6+q>i+ 6i) &’i
4
g o= - O . 2 :
Mgy = =z {(mr; + pT, /2) cos (8 + ¢ + 6i) &

with ¢y = é;=0and ¢, = = ¢, =1, Thus, we find

f = 2e/rn, f{ = 2e1/74
g = Zd/'l)L' . gi = Zdi/”{
d r?

. = 4+ ) ——— < g

where (mr + ¢ > ) sinw t

2
e = (mr+ Pé——) cos wt
dy = dlr —ry)

01 = efr —-ox'i)
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For the coupled modes (last two columns of B), the sum of angular momenta
of booms and hub is:

b( $1+$3)+b1(62+$4)+cé’= 0

so that
2(bp+b1)+cv = 0 (7 - 14)

where pis the ratio of amplitudes for booms (1, 3) co booms (2,4). The
unétnowns u, v are also linked by the first four equation of Equ. (7-7), via

W

.

Py 2 PH

—_———— - = ———— - 15
a1+b1v ap + bv (7 - 15)

Equations (7-14) and (7-15) together yield quadratic equations in y and v

b
2 1 b ap; - a

ve by bpy Zb ajp - pja 2 ayp - pga (7-17)
¥ Bt byp * byP v + ¢ P — =0

it follows from Equ. (7-16) that, in particular, the product of roots of p is:

_ P :
e Be T = —o (7-18)
P

Substituting this result into Equ, (7-15) yields:

B (@p tbv) = = (ag +byw) (7-19)

Explicit solutions of p and v (Equ.7-16, 17) are given by:

L4 [ BZ ETH
£ 2
(7-20)
1
=5 { -B, J B - b(aip -pld)/pc ]
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where B = (bi - bP1> + = (api -a1p>
\ P b1p byp

g oo (2L P b (21P_- P2
v = b byp c byP

In the limi. ry - r, we have a; - a, etc, so that , for equal boom
lengths,

Lim o, = 1
1‘1—0 r

. o
Lim vy = [*4b/c
ri - I

But limiting values of the mode variables for equal boom lengtl. case are
(Chapter 3 and 4)

( "1: 1) "1: 1. Oa 0’ O)

and ( 1,1,1,1, -4b/c, 0, 0)

Thus, the correct combinations of pand v for unegual boom length cases
are identified:

( H_? 15 M 1: Vyr Ov 0)

and ( Mg 1, P+; 1u V_» on 0)

where g and v, are given in Lqu. (7-20)
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7.4 Diaponalization of T-matrix

The orthcgczal matrix [ B ] should satisfy the unusual orthogonality
relation:

[B1T[T)[B] = 1I (7-21)

If [ B ] is noi normalized, then the unity matrix 1 is replaced by a diagonal
matrix.

[B]'F['L‘][B]=[B]Tfa 0O 0 0 b 4 eYO 0 0 0 <t ¢ pJ

0a100b‘-e1d10001012

(8] b oA e 0 ~(a-dg-el) autby  apFhe
by e < (ay-gf-d.g,) 0 ‘}‘l“’lvvp a v
b d < 0 {a=dg —ef) ap_ b, au‘&@b v_
bi ¢ di {(=atefy -i"d‘g‘) 0 a‘*bxv.; a‘*bi v_
< 0 0 0 Q 0 Q0

(=]
3
(=]
<
<
<
<

o
(=2
il
e
<
<
(=2
(=1

RE]

" i s




c 0 0 0 0 0 0
o i o 0 0 0 0
o o X 0 0 0 0
¢ 0 0 2@ ~ef ~dgy) 0 ¢ 0
0 0 0 0 2{a—ef-dg) 0 0
0 0 0 0 0 2(ap’ +huyta, Hhyy) 0
o 0 o0 0 0 0 2(apf+bp§_-rai +byz)
\ P

which is diagonal but not unity because [ B } aas not yet been normalized.
I'he normalized orthogonal matrix [ B ] is:

-~

[B] = Jo o0 0 o0 -n 9un P‘n?\ (1. 22)
o 0 0 ny 0 g oy
0 0 0 0 ng wm  wwg
0 0 0 -n 0 % a,
By 9 0 Q 0 Y & v, Yoy
0 o L L 1Y Q 0
{ 0 0. Ry e fny Q 0 |

13

where y

:/ﬁ;

- _ Far

. AR
# il 2 - - ¢
", ¥ [“"‘a o f dor )
0, Cu 2t - of —ap | R

. . Y174

f U2 Cwlan t hz;)%a‘ ‘-‘h“a’i, )

B ~ }"I&
n.', = l/!‘.(%(a.a‘+in-)~a‘fhs;-“);

where the symbois . ¢, etc. are defined on page <0.
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1t is reacily verified that this orthonormal matrix satisfies Equ. (7-19).

Now we can define a new set of coordinates { £;} related to the original
coordinates {¢1, sees Y} by the following equation:

) €4
: = [B] (7-23)
Y’ g7

where E"i are the normal coordinates. The kinetic energy T in terms

of these normal coordinates is:

1

KE =3[ (81T TI[BI[E]

1
K.E. = >

N

1 € & (7-24)

The inverse | B]-1 is calculated in Appendix H. It is

[B]" = ('(V+-\L)/§n (hv.-y)/ony (ol bny Gv-uy/in, nT 0 0
-g/zn,  -f/2n, g/2n, £, /2m, o nt o0
f/2ny g /20 ~f/2n g /2n, 0 0 gt

0 1/2n, 0 ~1/2n, o 0o o
-1/2n5 0 1/2ng 0 0 o0 0
-t/ gn, witng  -t/tn  u/ln o 0o o

{ t/tn, —w./tn,  1/lny  -u/Lng 0o 0o o

where L = 2( p = p)
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i 7.5 - Orthogonal Transformation of V-Mairix

‘The orthogonal transformation of the potential energy V-matsrix by
tne same B matrix determined in the preceding section gives:

[(s1¥iviiB] =

[B]?




0 0 0 zﬁ1n42 0 0 0

0 - 0 0 0 zﬁnSZ 0 0
2 2
0 0 0 0 | 0 2(pp” tplng 2(prptp inn,
. . o , - 2 2
0 0 0 -0 ¢ {prytpingn,  2{ppy pn,
L ’ J

The matrix elements (6. 7) and (7. 6) are zero because of Equ. (7-18).
Matrix element (6. 6) can be written as: -

'

2
pr. tp B ) PR
= or

p_(ap_+ by ) + a, + b1v+ a + bi‘gL au_ +bwv

by virtue of Equ. (7-15), Similarly, matrix element (7.7) can be written
as: -

pi PHy

; or
‘a,1+bv_ . ap, +bv

i

where v, and p, are solutions of the quadratic equation (7-17), and are
given in Equ. (7-20).

In normal coordinates, the potential energy is:

1 (2 ) e
P.E. = S (&0 §q) o (gi
¥z Eq

A ) \ J
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As a result of the orthogonal transformation, the Lagrangian L becomes

formally simple and elegant:

1 g .2 2 2 r
where w = 0
wzz 0
0)3 =0
A
- [7% B p,/a
R n4_1(if+1d ]
—legty +dy8q)/ay
A
B / A _ p/a
“5 = 2P Ry T {—(ef +dg) /a
o = Py PH
6~ ag +bv or ap_+ by,
P

W, = PHy
7 \/ or
a+bv_ ap, + by

where a, b, p, etc, have been defined in Secion 7. 3, and vy are given

in equ. (7-20). Their limiting values for vanishing wire mass are as

follows:
Lim a = mra, Lim a1 = mri2
p—=0 p—=0
Limb = mr(r + ro), Lim b1 = mri(ri +rg)
p—=0 p—n

. 2 .

Limp = mrrg wg Lim py = mry T
p—>0 p—0
Limd = mr sin wot, Lim d1 = mr, sinw t
p——e0 p—>0 ©
Lime = mr cos wot, Lim e, = mry cos wot




Limf = 2{m//p) r cos wot, Lim f1 = Z(m/ZZ) r; cos “’ot

p——=0 p—=0
Lim g = 2(m/7 ) r sin @ t, Lim g, = 2(m/# ) ry singgt
I p—s-0
. i . . 2
Lim v = > - Lim B, # Lim B, "~ -~ 8mr1 (r1 —-r)/IT
o JR g p—=0 P~
2

2m Ty (ri tr )2+r(r+r0) ry-r
Lim B, = I r+r + r, +r
p—0 T o 1 o

Thus, the limiting frequencies are:

Lim o, =

W x @ = 0

0 01 2 3

. 2m Yo 2m To r+r
Lim wy = wOV(MT)/(i— W) ~ Wy T (1+-n—L.__.f.o_Q.+
p—=0

. 2m Ty
i e B

ol/' M T o

p—=0 «
Lim o, = g = wy [le

r

ri-—-> by
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CHAPTER 38

ENGINEERING ASPECTS

For computational analysis of the satellite dynamics, the usual inertia,
damping, and stiffness coefficients of the interacting components must be
known, The figures selected here have been obtained from the principal
investigators and from Boeing Wire Boom Feasibility and Mass Properties
reports, [ 1,2 ]

8.1 General Physical Parameters

The satellite hub weight is four-hundred ninety (490) pounds. The moment
of inertia about the spin axis is one-hundred fifteen (115) slug ft2, For out-
of-plane oscillations, transverse moments of inertia about the boom

axes (i.e. about hub diagcnals) are taken to be eighty (80) slug £t2,

Each tip mass is a three (3) inch diameter sphere with a weight of two (2)
pounds,

The wire connecting each tip mass to the center body is RAYCHEM
TRIAX Cable EPD-1763, Kynar insulated. The wire diameter is 0.2
cm, and weight is 0, 00635 lbs/ft,

The wire booms are effectively anchored at points which are 2. 67 ft.
from the hub center or spin-axis, This is the hub radius r_ in the
analysis. Wire boom movements are assumed to occur through bending
of the wire at these anchor points.

8,2 Stiffness and Damping Parameters

Four (4) physical parameters are required to define the coupling and
interaction of the wire booms with the satellite hub, ‘These are:
1) Wire stiffness or angular spring constant S

2) Internal wire damping due to inelastic bending of the
wire Ky

3) Atmospheric drag damping

4) A special Coulombd damper designed to increase wire boom
enerpgy dissipation through the hub

In order to determine these parameters, except for atmospheric drag,
special experiments were conducted by the principal investigators and
uisseminated to the writers for the purpose of this study.
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A summary of the essential results and a dernratmn of tl‘e coefhcmnts R D
is given belcw, Determination of these coefficients is rendered ‘ektremely ) !
difficult due to the presence of gravitational forces and large itmospheric -
drag, factors that will not be present in flight, Thece large effects are i
discounted by studying the result of appropriate changes i the’ experlment -
condltlons . S )

8.2.1 Wire Stiffness S

A spring scale reading of 6 gm at L
.2 9.5 cm distance from the sus-
 pension point gives a deflection of

‘8 degrees in the wire

Sx8/57 = 6x980x9.5 - o :

&S =4dx 10° gm. cm?/ sec? , | ’ 7 i
6 gm

8.2.2 Two types of pendulum damping experiments were conducted.
One was with short wire lengths where air drag could be neglected. The
other was with wire lengths comparable to those in the actual case.
Here air damping is predominant, and the Coulomb friction damper was
also experimented with. In all cases a tip mass of 220 gms. was used |
to approximate the force of a 2 1b tip mass under actual operating
cont.itions ( 30 - 50 ft. wire length, 3 - 4 RPM centrifugal force field).

The usual second order Jifferential equation gives the relationship
between the desired param-ters and the observations:

-

(m+p§1‘)r&¢) Ky t.aid =0

Inthe form ¢ +2Rf¢+....¢ = 0, we have the damping time constant
T given by -7i__— =p= -%- Ky / (mré + pr3/ 3)

If an experiment is conducted for T secs during which n complete oscillations
occur, with initial amplitude ¢0 and final amplitude ¢n we further nave

C-pT
¢n = ‘bo(. OR, B: %ln ¢0
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with the longer wire length.
si1ce the calculated K

Test 1: L = 50.135 cm

A

P No. of Ky
s 0 N .
I'ime (sec) g Swings sec™t grmemfsec
0 £0.69 0 - - -
42,7 6.08 30 L0131 | 14,250
52,75 - 5,32 37 . 01314 | 14, 300
Test 2: L =26.535cm
K
. o No. of B ¢
| Time (seq) ¢ Swings sec’ |gm cmé/sec
0 16.13 0 - -
30.0 6.38 30 .031 9, 600
49,0 3.185 49 .0331 10, 200

102

The higher damping figure in Test 1 may be attributed to the air damping
However, this effect must be fairly small
o does not decrease as the amplitudes diminish.

The wire damping due to angular bending about the suspension point is es-
timated at Ky = 10,000 gm cm®/sec.




b) This experiment attempted to differentiate between the effects of the
special Coulomb friction damper, the internal wire damping with the
normal suspension, and the ever-present air damping, by running

2 special test with a knife edge suspension and no damper, »

In all cases the ‘penduium period was 6 secs, corresponding to a
pendulum length.-of 892 cm or 352, 35",

3.
m ré + —_:,’&r— = .1.82x 108 gm cm?

Test 1
'Normal suspen-~

sion incl, damper
and wire damping

K¢

Test 2
Normal Suspen-
sion, no damper,
but wire damping
Ka

Test 3
Knife edge

No damper
No wiredamping

Amplitude
at swing #8

Amplitude
at swing #31

Lo -
Pegxz3 P Bn sec

Damping
gm cm®“/sec

1

) 4! 4'2511
- 1'8“
0.00695

Ktk +k , =2, 52 x
D A=2
¢ 106

A2

4181
1' 10, 75"

0.0059

e+ =2, 15x100

4148
1t g, 5n '
- 0.0064

k= 2.32x106_

where k¢ is the wire damping, kpy is the Goulomb damping, and ky is

the effective air damping,

Comparison of Test 2 with Test 3 results in a negative k, which is impossible,.

It is concluded that kg is so muchless than the air damping k
and 3 are equivalent. The previous experiment gave k

which coanfirms the conclusion.

Test 1 then gives kpy in the range 2.0 x 105 to 3.7 x 105 gm em?/sec.
This result and therefore all of this second experiment is useful only as
a reasonableness check. The Coulomb damper is an order of magnitude

less than the sea level atmospheric damping.

Furiher, while ihe initial

swings were in excess of 8% angular deflection, the amplitude at swing
numbe: 31 {about 3% shows that the damper is barely active. A more

exact representation of the Coulomb damper is provided in part (4) below.
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8.2.3 It is readily established that atmospheric drag should be a
negligible factor in the dynamics of the 1975 satellite, A conservative
calculation is carried out below to compare atmospheric drag torque on a
wire boom with the wire damping torque,

3" diameter sphere at tip, booms of 50' length and 0.2 cm wire diameter,
Assume 200 km satellite altitude, winter season, 1700° K exospheric tem-
perature. Also assume that the booms are oscillating with an amplitude
of 0.2 radians at a frequency of 0.03 cps.

i!

Sphere cross-section 45,5 cm?
Wire cross-section = 305cm

Maximum velocity at tip mass:

50'x 12" x 2.54x 0.2 x .03 x 2

57.5 cm/sec

Atmospheric density p = 4 x 10"13gm/cm3
Drag force = —c%—pi V2

For drag coefficient CD = 2, and lumping the cross-sectional
area, Maximum drag force

2 x4 x10°13 x 350
2

x (57. 5)°

It

1"

4.6 x 1077 gm cm/sec?

. 3 Maximum drag torque .
= 4.6x%x10- 7 x50 x 12 x 2.54 = 7x 10" gm em”/sec

2

Comparing with wire damping torque:
Maximum angular velocity ¢
=0,2%x.03x2r =0,0375 rad/scc

Maximum torque due to wire damping alone

5 4 ) 3 3
E . - ky§ = 107x0.0375 = 375 gm em®/ secd
3
¥ Therefore atmospheric drag torque is extremely small, even when
F 3 compared with other low forces,

——

104



4.2.4 The Coulomb friction dlamper

A AER N

The Coulomb slider has been tested
‘e and requires a force equal to 4 gms
) g to overcome friction and maintain
\ a sliding motion. The maximum
\ end to end movement of the wire
\ at the slider, and thus also the
slider is 1.23 cm. The distance
D between the point of suspension
and the slider is 9.5 cm.

9.5 ¢cm

D

Since the wire boom length is in general so much greater than the distance
D, the angle ¢ between the wire and the normal may be taken to be the

same at the suspension or at the slider. For a tension T in the wire, the
lateral force on the slider is given by T sin ¢. As an example, a 2 1b tip
mass on a 50' wire spinning at 3 RPM will overcome the coulomb friction

when the wire deflection exceeds 1. 7°.

bc = sin—l (.4_"1.7@) = 1.70

If the coulomb slider comes to rest for some wire deflection ¢1 , it would

move again only when the angle ¢ > ¢y + ¢, or <¢1 ~ ¢, provided of

course that the limit stops permit. Note that when the slider reaches the

limit stop for ¢ >3.7 + ¢, (i.e. 4 -1 ( .:_(6)1_:_) + ¢ ), the damper becomes
. c

inactive. The non-linear characteristics described are implemented in the
program,
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A reasonableness check for the value of kD obtained in part (2b) above with the
characteristics given here can be made using energy diss.ipation consider-
ations:

The pendulum experiment in 2 had a 6 sec. period and an average amplitude
of 3 feet or 0.1 radian. Energy dissipated per cycle

=fk1_) % d¢
Let ¢ = .1sint. Thend¢ = ,1cost dt

. Energy dissipated per cycle

= j 3x10% x .01 cos?tdt = 104 gm c:mZ/sec2

Energy loss in the Coulomb damper per cycle
= force x distance
= 4 gm x 980 cm/sec® x 1.23 cm x 2

= 104 gm cm?/ +ec?

This confirins that the characteristics determined above should provide
a consistent set of parameters for the calculation of the S3-2 satellite
wire boom dynamics,

8.3 Ertimate of Performance -- Damping of Large Disturbances

For moderate deflections of the wire booms, the behavior of the satellite
will depend upon the oscillation modes that are excited. Based on whether
there is translation of the center body different frequencies will be evi-
denced. The damping is amplitude and frequency dependent; when the am-
plitude drops below ¢. i.e. the value required to cause sliding friction,
the oscillations will diminish very slowly.

When the initial amplitude for each boom is large enough to ensure maximum
damper action ( >5,4° in the example in part 4 above), an estimate may be
made for the rate of decay of the oscillations, Assume 50 {oot boom de-
ployments, 0.2 rad initial amplitudes, and an oscillation frequency of 0. 03 cps.
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Maximmn'.angular velocity of each boox

= 0.2.0.03x2n = 00,0375 rad/sec

.« Energy in each boom

5

é‘ (mrz + pr3/3) w?

( 910 x 1560 + 0. 0945 x 15603/3) 0.0375%

O3 fes

2

1.65 x 106 gimn cmzlsec

Energy disgipaticn vey cycle in the dan .er

¥

L

- 2
= 10% gmcm fsec

Therefore the damping rate is initially adequate to dissipatea all the energy
in 165 cycles or {65/0.03 = 5500 secs.

Thus the damping time constant for large disturbances is approximately one
earth orbit. : ’
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CHAPTER 9

DISCUSSION OF RESULTS

To recapitulate the results, the main features of wire boom-~satellite
dynamics are listed in this chaptevr. In view of their general nature,
they should be useful for a wide class of sateliite experiments featuring
deployable/retractable wire booms.

9.1 Main Features of Analytical Results

1) Satellite hub spin slows down as boorns are being de-
ployed and speeds up as booms are being retracted.

2) Hub spin is steady when the booms are oscillating com-
pletely out-of-phase with each other (in an uncoupled mode).

3) Hub spin rate oscillates with a frequency identical to
that of booms oscillating in phase with each other (in a
coupled mode).

These first three points are due to conservation of angular momentum.

4) The system is less stable during boom retraction.

This can be understood by looking at Equ, (2-5) or {2~6), in
which a negative r reduces or even reverses the sign

of the damping term B . Thus wide deflections of hooms
occur when

+ kf2mr < 0 (uncoupled case)

e

He

or

+ kIT /2mr10< 0 (coupled case)

5) Damping is prominent when booms are short, The
damping term $ (in Equ. 2-5 or 2-6) is proporticnal
to r=%, This effect is not due to atmospheric drag or
Coulomb damper, but due to the property of the wire
used for the booms.

6) The term responsible for forced oscillation due to
deployment/retraction is prominent when booms are short,
since the forcing term F(t)in Equ,(2-5) or (2-6) is pro-
portional to the ratio */r.
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7) Tre amplitude of boom osrcillation after deployment/re-
traction period T depends on the amplitude and velocity of
boom ascillatiun at the moment of stopping deployrment/
retraction, because ¢ (t > T ) is proportional to ¢ (7)
and . [ 8¢ (7) + ¢ (7) ]in Egqu. (2-10),

8) The uncoupled mode frequency is the lowest frequency
vacountered fa any satellite-boom configuration. Presence
of translation implies the existence of an uncoupled mode,
~nd gives somewhat hirher frequencies than if translation
‘is ignecred. The coup. | moaz frequency is always higher
than the uncoupled frequency because of the higher level
energy interaction with the hub. The coupled mode with
symmetrical boom lengths is characteristically devoid of
translation, Finally, out-oi-plane {requencies are con-
sistently higher thza in-plane frequencies because the

tip masses operate in a normal rather than in a radial field.

The frequencics of modes in hub spin plane are generally
ijower than the spin frequency unless the boom lengths are
shorter than the hub radius. Out-cf-plane modes have
frequencies always higher than the spin. See Figs. 11 and {2,

10) Beat phenomenon appear in modes involving translational
oscillation of hub., For 1975 satellite, beat periods are
usually about one to two thousand seconds, which accounts for
the fine splitting of spectral lines by Aw ~.001 c.p. s,

11) If all booms are simultaneously deployed or retracted, the
coupled mede is excited because symmetry allows no way to -
distinguish one boom from another so that the booms move
together in a coherent pattern.

12) If some but not all booms are deployed or retracted,
generally both uncoupled and coupled modes emerge. Booms
being deployed log behind in phase relative to those un-
deployed or retracted, The uncoupled mode is usually favored
because of its lower frequency and therefore lower energy
level,

13) A remark about translation should perhaps be mentioned,
If there is no external farce, the center of mass of an isolated
system initially at rest should not run away. The (X, Y) that
we use are the hub center coordinates. Thus, if initially
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( t = 0) the center of mass and hub center coincide, then final
translational displacement ( t > T) must oscillation around the
center of mass, i,e., the initial hub center (X = 0, Y = 0),

If initially (t = 0) the center of mass does not coincide with
the hub ceater fas in some cases whiere booms are initially
deflected), then although the translational displacement (at

t > T) still oscillates around the center of mass, it does not
oscillate about the initial hub center (X=0, Y = 0).

14} Although oscillations out of the spin plane are expected

to be insignificant due to the presence of an effective wobble
damper (see Ref. 1), it is nevertheless interesting to cstimate
the effect of possible out-of-plane boom deflections Y, on in-
plane mode frequencies, and vice versa. A nonzero value of

& effectively shortens the inplane poom length { r, ,—> T, €OS l,l )
so that the total moment of inertia changes somewhat, and

the potential energies are also affected. Since the potential
energies come c¢sseatially from the cosine terms in the lLa-
grangian (see, e.g. the second page of Chapter 5 and the third
page of Chapter 6), a deflection ¢ out-of-spin-plane contributes
to the inplane potential energy, for,

' 2
ricosqai cosd:i = ri(i---(q,:i2 +4>i y/2+...)

i for small angular deflections. Thus, inplane mode potential
energy terms are located not only in the inplane vector space re-
presented by Vin but also in the out-of-plane vector space Vout’

fore, a rigorous formulation of the inplane <= out -of-plane
modes should involve 14xi4 matrices T and V. However,
since w is expected to be small, the results obtained by
cons1der1ng disjoint inplane and out-of-plane vector spaces
are certainly of satisfactory accuracy.

1
| The opposite is also true for out-of-plane modes. There-
[
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9.2 Remarks on Fourier Spectral Analysis
Figure 9 gives the Fourier transforms of several time series of funda-
mental importance.
5{t) 5(t} : S(t) S(t)
ot
'0 u‘ .C
0 \ 4 'A ‘O.
0 v t —')_\ 4 t—> 0 t—> ‘e ¢ t—>
0.'..
- 1 6(‘0" h.)o) 1 1-1 -4 .
> Flo) Fw) Flw) Flw) .
0 1 . mfAvAvA t\v_.( Ao PUFICIN :.'.’4.
0 Co w—s [P (_u-—)o ACATIN “ws w—>
p =5
-1
a) (b) (c) ()

Figure 9. Iourier Transform F(t) of Four Time Series S(t)
of Fundamental Importance

P(w)

0 — e,
&y

Figure 10. Poawer Spectrum of Case (d) in Fig, 9
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In Fig. 9(a), the Fourier transform of an infinite train of sine wave
sin(wot) is just a 6(w=uwy) function. The fourier transform of a pulse

step function is a (sin wOT) / (w,T) diffiaction function [Fig. 9(b)]. Thus,

a finite sine wave train of length T [ Fig. 9(c)] gives a diffraction pattern
around the w, (power) spectral line with sidelobe maxima located at

W t (+1/2)/ T (n=1, 2, 3,...)

and sidelobe minima located at

~

“’of a/T (n=1, 2, 3,000.)

The time series length T is also called window width, The wider a win-
dow is, the less diffraction appears. If two spectral lines are too near
each other, interference of diffraction patterns may occur,

In this report, most of the time series for spectral analysis have a window
width of 2048 sec. A sine wavesin w,t of such length would give spectral
sidelobe maxima at w_ * 0.000488 (n+1/2) c.p.s. and minima at w, %

0.000488 nc,p.s. (n=1, 2, ...). Also, in this report, most of deployment/
retraction periods considered are 200 sec. A pulse step function of 200

sec., period would give spectral sidelobe mazima at 0 *0.005 (n +1/2)
C.p.s.,, minima at 0. 005 nc.p.s. (n= +1,2,,..), and a main peak at

0 c.p.s. However, if the pulse is not perfectly constant due to boom

length change, a splitting of spectral line occurs, shifting the main peak
slightly away from 0 c.p. s.

In Fig. 10, a situation of peak truncation is shown, where the actual peak
happens to be in between two output points, due to finite resolution:

Aw =11/ 2NAT, where N is the number of points to be transformed,
and AT is the sampling rate,

The fast Fourier transform algorithm as developed by Cooley and Tukey [10]
uses 2" input points. For example, a 2048 sec. time series of sampling
rate AT =1 sec. would give 211 input points for fast Fourier transform,
with a resolution: Aw = 10.00025 c,p.s.
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9.3 Computer Simulation Results

The results of a nuinber of digital computer simulation runs for satellit ;
system {975 with various given iritial conditions are presented graphically.
These results are the time series of the satellite system variables evaluated
by solving a set of coupled differential equations [Equ. (3-8) to (3-11)},
[Computer Program SATEDYN],

In the first set of simulation graphice [Fiz. 14 (a-d)], two modes are
shown: the coupled mode and the uncoupled mnde without translazion.
They are excited by initial boom deflections: (0. i4, 0, 0.14, 0) radians.
No deployment/retraction of booms is involved, and the boom lengths are
all equal (50 ft.). The presence of the coupled mode is indicated by the
gscillating behavior of hub angular velocity {spin rate, i.e., wlt) = @), +
&’ (t}) in Fig. 14 (a). The uncoupled mode prevails eventually because of
its lower frequency (or energyj. Since symiunetry allows no way to dis-
tinguish toom 1 from boom 3, and buom 2 frow: boom 4, only the deflec-
tion of boom 1 ard hoom 2 {curve with asteiisks) are shown [ Fig. 14 (b}].
Tie predominant ucoupled mode gives a higher peak in the power spectrum
plots of boom 3 [ Fig. 14(c}] and boon 4 [ Fig. 14 (d)]. The next higher
harmonics are tao weak to show up in the graphics but can be revealed by
means of digital priantouts tnot shown}.

Simulation graphics set #2 [ see Fig. 15 (a-i)] shows the eoupled mode

and uncoupled modes with tranlational oscillations of the hub., The modes
are excited by initial boom deflections { O, 1<, 0.07, 0, 9.07) radians,
Ag2in, no deployment/retractioa of booms is invelved, aund the boomn
lengths are all equal {30 ft. ). Oscillatory behavior of hub angular velo-
eity [Fig. 184a)} persists throughout the simulation periad. Translaticnal
oscillations »f the heavy hub are showa to be small in amplitude (X = X ¢
XY ~ 1t ema) . Pige 15 (b, } lhe isitial hob canter coordinates do not
ceincide with the center of mass because of e initial unsymimetrical boom
deflections, and therefore the translational oscillations (X, ¥) eventually-
do not center around the initial coordiates X =0, V=€) of the center of the
hub. heat phenomenon ¢an be scen 1o the oscillations of the booms | and

2 leurve with asterizks) [Fig, 13()] and these of the boomms 3 and 4 (curve
with asterisks) [Fig. 13 {e)]. The beats are responsible for the fine splat-
ting of the uncoupled mode frequency § Fig, 15 €-i}. The ioverse of the

- beat pericd iz equal to the diference of splitted frequendies. The de-

g 2reracy of the ‘pace of uncoupied mode cigeniunctions has heen removed
by the slightly b.oken symanetry caused by the appearance of small amphi-
tude hub translations.
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Figure 14 (a-~-d)

Sirnulation graphics: Set #1
: Satellite boom lengths: 50 ft, (all)
fi Deployment/Retraction: Nil
Initial Boom Deflections: (0. 14, 0, 0,14, 0)
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Figure 15 (a-i)

Simulation graphics: Set #2

Satellite boom lengths: 50 ft. (all)
Deployment/Retraction: Nil

Initial Boom Deflections: (0.14, 0.07, 0, 0.07)
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The third set of simulation graphics depicts the effect of boom deployment
[ Fig. 16 (a-d)]. All boom lengths are 40 ft. initially and 50 ft. finally.
The modes are excited by deployment (period T= 200 sec.) and by initial f
boom deflections (-.09, ~.07, -,09, -,07 radians). During the deployment :
period, the hub spin slows down due to conservation of angular momentum

[ Fig. 16 (a)]. Oscillation of hub spin rate indicates the presence of coupled
mode. Translational oscillation is not involved because of the symmetry

of the booms. A plot [ Fig. 16(b)] of deflections of booms 1, or 3, and 2,
or 4 (curve with asterisks) shows particularly large deflection amplitudes
during deployment period in which forced oscillation (c.f. Chapter 2) are
present, If the initial boom deflections were identical, simultaneous de-
ployment/retraction for all booms would excite the coupled mode only.
Since the initial boom deflections are not really identical, an uncoupled
mode is present, as revealed by the power spectra of boom 1 (or 3), and
boom 2 (or 4) in Fig. 15(c) and Fig. 16 (d), respectively. However, the
coupled mode is dominant. There is a small bump (or tail) attaching to
the right hand side of each of the sharp spectral lines. This phenomenon
is due to the higher spin rate (and hence higher mode frequency) before
completion of deployment (and hence slow-down of spin). The bump near i
0 hertz is due to the nearly constant force step function during deployment. :
Digital print-outs show that the minimum of this bump is at 0,005 c.p. s i
(inverse of 200 sec., the deployment period T ). ‘

To illustrate the point that the amplitude of boom oscillation after de-
ployment/retraction depends on when the deployment/retraction stops
(see point #7 onpg. 109), a plot is presented [ Fig. 17 ] in which de-
ployment stops 10 sec. (i.e, 1/20th of T ) earlier than in Fig, 16 (b),
and the booms swing to the other side in large amplitudes, just after
deployment stops.
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Figure 16 (a-d)

Simulation graphics: Set #3
Satellite boom lengths: 40 ft. (all) initially,
50 ft. (all) finally

Deploymentperiod: 200 sec.
Initial boom deflections: (-.09, -.07, -.09,

-.07) radians
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The next set of simulation graphics (set #4) [ Fig. 18 (a-i)] shows the
combined effects of unsymmetrical boom retraction, hub translation,
anc unequal boom lengths, Initially, all boom lengths are equal (45 ft.),
and finally, their lengths are 35, 45, 45, 45 ft, Retraction period is
200 sec, and the total simulation time is 4100 sec, furnishing 212 gata
points at 1 sec. intervals for fine spectral resolution (Aw = 0,000122c. p. s)
in the subsequent Fourier analysis, During the retraction period, the
hub spin increases [Fig. 18 (a)] in contrast to the deployment case, Simu.
lations of translational variables (X=X +X, Y=Y _ + Y ) show that

)
the hub center oscillates about the center of mass of the satellite system,
and no runaway occurs [ Fig. 18(b,c) . The amplitude of oscillaticn of
the retracting boom [ Fig. 18 (d) ]is very large due to forced oscillation
during retraction period (see Section 2.4)]. The non-retracting booms 2
(with asterisks in Fig. 18d), 3 and 4 (with astrtisks, Fig. 18e) move in
opposite directions relative to the retracting boom. Beats are prominant
in boom oscillations [ Fig. 18 (d, e)], resulting in the splitting of spectral
lines [Fig.18 (f-i)]. The analysis in Chapter 5 (Equ. 5-12) has predicted
a two pronged splitting of the uncoupled mode frequency for pairwise equal
boom cases with translations. However, minor complications in the split-
ting would occur if the boom lengths are unbalanced [ Fig. 18 (f-i) . The
coupled mode and higher harmonics frequencies are too weak to show up.
A bump at very low frequency in the power spectrum of the retracted boom
[ Fig. 18 (f) ] is due to the 200 sec. constant retraction resulting in an
almost constant force during the retraction period. The minimum of this
bump and, in fact, all four bumps can be identified at 0.005 c.p.s. ( in-
verse of 200 sec.) and again at 0.01 c.p.s. (whichis n/T, wheren =2,
T = 200). Small local maxima and minima can be seen on the bump
(and, in fact, they are sverywhere); they are due to the use of finite
length (4096 sec.) of time series. The location of the first local mini-
mum is at 0. 000244 c.p.s. (inverse of 4096 sec.), The bump of boom 3
is very weak but can be revealed by means of digital printouts [not showa].

Very short boom behavior is simulated in the next figure [ Fig. 19). an
boom leangths are equal to 9.5 ft. initially, and 1.5 ft. finally. Retraction
period is 160 sec. The wavelength of 2 boom decreases as the boom is
being retracted, and the amplitude rapidly grows to very large value (it
would grow teo infinity at zero boom length), Strong damping (not due to
Coulomb damper) is prominent for short length booms (see Section 2.4).
Since all booms behave identically in this simulation, it is sufficieat to
show the behavior of only one boom.
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Figure 18 (a-i)

Simulation graphics: Set #4

Satellite boom lengths: 45 {t, (all)initially,
; 35, 45, 45, 45 ft. finally
' Retraction period: 200 sec.

Initial boom deflections: Nil
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The fifth set of simulation graphics shows the éffect due to the deployment
of a pair of booms (boom 1 and its opposite boom 3) and the simultaneous
retraction of the other pair of booms ( 2 and 4) [Fig. 22(a-d) ], All boom
length are 20 ft initially, and 30, 10, 30, 10 ft. finally. Retraction period
is 200 sec. and the deployment/retraction rates are equal and opposite to
each other (viz., .05 ft. /sec.). This maneuver of wire booms causes a
net increase in moment of inertia of the system and therefore a slow down
of satellite spin results [ Fig. 22 (a)]. No translation occure because of
the symmetry of the system throughout the maneuver. Deflections of the
retracting booms are in opposite direction to the deploying booms (as-
terisked curve) [ Fig. 22 (b) ]. Amplitudes of the retracting booms are
larger than those of the deploying ones, since oscillations of retracing
booms are less stable (see Paragraph (4) of Chapter 9). All boom am-
plitudes during deployment/retraction are somewhat large, because the
magnitude of the relative deployment/retraction rate is twice that in a pure
deployment or retraction case. The power spectra of boom oscillations

show the presence of both partially coupled and totally coupled modes [ Fig.

22 (c,d,) } (compare the harmonic frequency results in Figure 21). The
low frequency contributions in the power spectra are again due to the 200
sec, of forced oscillations caused by deployment/retraction of wire booms.
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Figure 22 (a-d)

Simulation graphics: Set #5
Satellite boom lengths: 20 ft. (all) initially,
30, 10, 30, 10 ft, finally
Deployment period: 200 sec.
Initial Boom Deflections: Nil
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The lazt set of simulation graphics (Set #6) is to demonstrate the harmonic
oscillations out of the spin plane of the system. Such oscillations are ex-
pected to be insignificant during actual satellite experiment because of the
installation of a wobble damper, which is considered to be very effective

{see Section 3.7, ref. 1), Heiace, there is no need for elaborate simulations

for out-of-plane oscillations. However, for the purpose of gaining insights,
it is useful to perform a simulation [Computer program SYNHARM] in har-
monic approximation without damping, The method of Fourier synthesis is
most appropriate since all the harmonic variables have been calculated
(Chapter 6). For a given set of harmonic variables, the time evolution

of the variables are simulatec. In Set #6 the initial values ( ¢y, Y2, 3

Vg, 64, 85, Z)are given as (~.01008, ,04140, .05160, .04164, .01422,
-.2844, ,01198) where the angular variables (Lbi, ei) are in radians and

the translations in feet. The time series of 411 and (asterisked) and

those of Y3 and Yy (asterisked) are displayed in Figure 232 and b res-
pectively, All four nontrivial modes are present, The coupled modes

can be clearly seen in 6, and 6, (asterisked) time series (Figure 23[c]),
where the coupled mode involving booms 2 and 4 is twice in magnitude
compared to that involving the other pair. The Z - motion is due to

the presence of jelly-fish mode, and since it is a pure sinusoidal wave

of small amplitude, its time series is not of much interest and thus

not shown. The spin axis sweeps a conic in space. A cross-gection of the
conic in this simulation shows a clover leaf pattern [ Fig. 23 (d) ]. The
conic sweep starts in the third quadrant, moves into the fourth, then second,
third quadrants, etc. and is found moving in the second quaddant at the end
of a 24 sec, simulation run.
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Figure 23 (a-d)

Simulation graphics: Set #6

Satellite boom lengths: 45 ft. (all)

Deployment period: Nil

Initial Boom Deflections: -.21008, ,04140, , 05160, .04164 radians
Initial Hub Inclinations: -.01422, -.02844 radians

Initial Z- position: .01198 ft.
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CHAPTER 10

PROGRAM LISTINGS, INPUT FORMATS AND SAMPLE QUTPUT

10.1 Introduction

For full simulation of the satellite dynamics including built in Coulomb
damper actions, large angular deflections leading to possible higher
harmonics, combinations of boom deployment/retractions, and possible
non-linear mode-mode coupling, Lagrangian equations of motion should
be used. They are found to be a set of coupled second order non-linear
differential equations (Chapter 3), The time-dependent solutions of
these coupled differential equations, which embody all the dynamics of
the system, represent the entire history, or simulation, of the behavior
of the various components of the satellite-wire boom system, For a
specific simulation, controlled initial conditions may be imposed.

10.2 Method of Simulation

Hamming's modified predictor-corrector method [12] is chosen to in-
tegrate the differential equations by virtue of its relative stability and
accuracy. It has the advantage of self-adjusting its step size to accommo-
date a given accuracy requirement, thus preventing unstable error prop-
agation and enabling the revelation of the detailed behavior of the solu-
tion at those interesting parts where there is a great deal of structure.
However, the predictor-corrector method, though powerful, is not self-
starting; hence, the Runge-Kutta method is used as a starter to generate
the first four points. With these methods, program SATEDYN (listed in
this chapter) is capable of generating digital simulations of the time-de-
pendent dynamical behavior of the satellite system, depending on the
experimental conditions, Within this program, the coupled second order
nonlinear differential equations are transformed to a set of coupled first
order differential equations., The first derivatives of the seven variables
used are defined as additional variables, resulting in a set of fourteen (14)
coupled first order nonlinear differential equations in fourteen (14) variables.,
The details of the input formats are listed in Table 6,

Another rmethod of simulation is used in the program SYNHARM, using

a frequency approach, It lacks the full fledge capability of program
SATEDYN, but has the advantage of simplicity, If the normal frequency
of a system are well known, then for harmonic oscillations near equilib-
rium, the amplitude of each generalized coordinate can be equated to a
Fourier series in terms of the normal frequencies. A complete set of
such Fourier series equations then forms the harmonic equations of
motion of the system., Time-dependent solutions can then be generated
to match a given complete set of initial conditions. The details of the in-
put formats for program SYNHARM are listed in Table 7.
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Program SATEDYN listing follows.
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Sample for Program Synharm follows,
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Appendix A Zonservacion of X and Y Momenta

The equations yielded by using Lagrangian method are those corresponding
to the motions that nature chooses, according to the philosophy of
Lagrangian Principle of Least Action. The motions so derived should

be consistent with conservation laws of nature., Therefore, the X and

Y -equations of motion should be derivable by considering X and Y

linear momenta conservation. This approach provides some checking

on possible algebraic mistakes in the calculations using the other method.

In the center of mass system, the linear momentum of the whole system

in X - direction should be zero. The total X - momentum comprises of

the following :

X - momentum of the hub = M).(

X - momentum of the tip masses = iz-l mi(X + J':i{t) -8 (t) Yi(t) )

>

X - momentum of the wires = L= dri p (X + fci (t) - ‘O(t) yi(t) )

i=1

Changing to polar coordinates (see page 3, 4, ) we have:
» - e - . 8 o " . +| - . .
xi(t) O(t)yi(t) rocos 8 - sin @i (6 oi) r sm@ie

Thus, the X - momentum of the entire system is found as:

2
. ¢ . . . 5
MX+ E[ime+er (X +r cos® -r 0sin® )~ (mr, 4 -
i=1 i X i o i i i
( ) +$i) sin °i ] = O {equates to zero) (A1)
Similarly, the Y -momentum of he entire system is found as:
2
4 . N
y X ‘ ' ey min ¥ @ ¥ . n) + Y
MY + - [ (m +p r) (Y +rosin & 4 r cos®0) +imr, 05— )

13




Loy B Ihm e B T

A e oy s momn L

(6 + q'bi) cos <bi] = 0 (equates to zero) (A-2)

The time derivatives of the linear momenta equations must yield the
corresponding equations of motion. Thus, differenting the X - momenta
equation, we have the following X -equation of Motion:

, 4
i M)E +i2=1 {pri()'( +1'-icos¢i-rosin®i5) +(m+ori) )

e P * L] (13 [] ri
(X-2r,sind. [ 0+¢]) -r sin® 6-1r cosO,ez) -(mr, +p— )
1 1 i o 1 o i i ¥A

([s +3i] sin®i+ [(.)+$i]2 coe ¢.) } 0 (A-3)

Similarly, the Y -equation of Motion is obtained as follows:

4 1 .
¥ + 5 Y +¢ sin ¢ 8 +(m +or,
MY + ) {p T, (Y + , sin 9, + T cos@i) {m rl)

Y t 8 +¢ - i 6+ .6. -
(Y+2 A c:s§i [o +¢i] T smﬁi r, cos@x )
T,
1 . 2 . MR
¢ o 9 $ = -
(mri +p 2 ) ([ 6+ 51] sin & [ +¢i] cos i)} 0 ( A-4 )
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Appendix B Conservatict of Angular Momentum

For simplicity, it is sufficient to study the case of one boom; (for 4
booms, let r — r; and ¢ o4 with summation over i = 1,...4). Let
p — O for further simplicicy; (integration over r if p # 0).

Total moment of inertia I is the sum of that of the hub plus that of
the boom (s):

I

[}
f

T °+m(r2+r°2+2rr°cos¢) ( B-1)

The total angular momentum about the centeyr of the hub is the sum
of that of the hub plus that of the boomis):

b4 2 2 . <
g @ ¢+ m{r“+r. " +2rrgcose){a+X)

x ’ 1Té~?m(r2¢r +2rr cos 0 )X = l_e+¢ |

[+ o ) T m

. - FoSin
where X = tan t ( )
ro * r ecosd

¢ - 4 - in >
and X= 'ﬂ‘ tan”! ( Fsin )
gt * ¢ cost
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Since

d - | . N ]
&? tan {(x) = —{—;-;z-— X , we have:

1 L

).(‘ [:f'sin¢+ r cosd ¢

1+ r2 sinz<i5 Tyt r COSO

2

”02 + 2r°r cosd tr cosz(p

r sin ¢
(ro + 1 cos ¢ )&

(x‘-cosq;- rsinq:d;)]

(ro +r cos cp)z (r0 + rcosé)r sing + r :os¢$)

> ) 3
ro2 + 2"0!' cos +rl {r,t:cos 9

r sin@ {r sin® @ ~F cos )

(r°+ F cos ¢ )?’

2 . 3 2e
vy (rsind+rcoseo)+r o
2

1]

"
r“ + ero cos o+ ry

Hence, the total angular momentum hecomes

I

. 2 . R @ 2 e
+ { = g ¢ r si + os ¢ 3 Sl 4}
. ) Imk I+ mi T, (r sind + r cosdd) + r¥oj

T

if there is no external damping or force, the total angular maomentum of

the entire system should be a constant of motion, Hence,

d

dt T 1

This conservation law should yield a 6 -equation of motion tdentical to
that obtained by using Lagrangian method,

I

at

o4

m

«f > 3
I +mlr“¢r < +2rr
ét[ o o

s

; ‘ . o 4 . L2
‘:“"(i.ré‘-‘lm)l) s KTG¥ [ 84+ m -:-'iro(rsm@%rcos@@)ér“’

T dt

L] . e
cose) | & ng

o

9 oo

.‘. - »e .? -
{ r (27 cosdd 4 v cossd - rosinge” )¢ 2rr04 10 ]
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s AT T e L RIS T Lt

04 m(2rf + erocos¢ -----er0 sine o ) +

m{ro {2F cos ¢& + rcosgb —r sin'aéz) T 2rré + rl o]

e ITE)' +m {$(r2+rrocos¢) +2(6+¢)(r1’-+r01'°c050 -rorsinqsé\)

trrsing &iZ } = 0 (equate to zero)

which is the desired g-equation for one boom.
For 4 booms with p#0, the total angular momentumn of the system becomes

4 . . .
AN M <3 . = N ;
IT 0+ Sy { Ai o; + Bi To Cos ;¢ + Ji ry I sin 01} constant of

motion
Differentiating the angular momentum should 2ive the b -equation of motion:

s - - 4 1 - L] (1)
Lo+ 1.0+ {315. 6. +D. F 1 cos o ot :
rt T Z i 5 Y ; Ty T Cos olo Ai Qi +

L . . » 2 R § L4 * - .
B r cosé.¢9. - 3 r sin . 6. +Dr r cos ¢ ¢ +tpr.r F. sin Y {
o 11 10 i1 1 0 i 11 J

i}
4
—~ >
= I.e -~ = {?.B "‘*ZD\."rCOsQ*;’!"r"—ZBr&moéle’%
T i=i 13 i3 o i i o i e ST
<
» 5 j . . yr 1y ® ' )
G @ (A «B r coso Ve 2(B 5 D p Fogos @ —
i=t | i i PR 3 1 i o i 3
. - . 2 . 2 }
B.or sine ¢ )¢ +* B r ing o + ot p ain @
io i3 3 i o i N }
2
e ~ . . .
2 HILL I N R R FARrrocos e - B oy mine @
T i i1 1 a ? o Yo
tES
o s N . A < d . . 2
* S (A +B r cox¢ )+ B 5 sing ¢ = wr T osme ¢oorr 7
3 H LI | H I e B ] O] H i
= 0 {equate to zero)
which is the same as that derived by BINE too Jagrasgian method, % as
the @ - eguation of motion for pare rotation without franslation. ¢ The somihsls
A, B, etc are define ! in Chapter 3.
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Appendix C To Derive Some Simple Frequencies

Consider a simple situation with the following assumptions:

No wire mass density

No boom deployment/retraction

¢ and ¢ are small, but 8 is not small

8, ¢ are not negligible

No translation and no damping

Only one boom, all booms in phase, or all out of phase

O U1 i W D
* s o e =

Such simple case gives:

$-equ: mr2 4; + 6 (:rnr2 + mrro) + ézmrr0 sin¢ = 0
or: r2$+g(r2+rro) +é2 rro¢ = 0 (C-1)
0-2qu: ITG + mr (r+ro)q> = 0 (C-2)

Note O-equ. can be derived from Lagrangian L of the total system, or
from angular momentum:

d . 2 2 . .

— + b

3t Ioe+m(r ro +2xrocos¢)(9+¢)
. d b 2 2 i ~ 3y X
It IT9+m(r +ro +2rro)(¢) NIT6+mr(r+ro)¢)

X 0 (equate to zero because it is constant of motion)
where IT is assumed constant because &) and ¢ are negligible so that

~ 2, .2
IT P~ IO+ m(r +xo +2ror)
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Uncoupled Frequency

If the hub is uncoupled to the vibration of boom, then the hub rotates
with constant 6 (= w), so that equ. ( C-1 ) becomes:

rZ" +é2 rr ¢ = 0
o
or & + w® o = 0
T
Hence the uncoupled frequency Q = w i_o_ (C-3)
r

Coupled Frequency

In the coupled case, 6 is dependent on ‘«i. Combining equs ( C-1 ) and ( C-2),
we have:

n
o

I‘2$+ [__ mr(r+ro)1{l (r2+rro)+ézrro¢
I
T

r{r+r m o N
l_rz.. ( o) > (r2+rr0)] ¢ +Gzrro=0

L Io+m(r+ro) ©
[I +m(r+r )Z] r2 - rz(r+r )Zm‘l
(o] o o . nz
: J $+6“ rry 9 = 0
T
2
I r
OI "+é2rro¢-—0
T
e I T
b+ 82 24 -0
Ior

(C-4)
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Appendix D Characteristic Determinant for Inplane Dynamics

In this appendix,

Lot

o A 2 TP
n

e}

n

the following symbols are used:

aw? - p

bmz
O
dwz

2
ew

MLom Ht

i

2

Cw

The right hand sides of the above identifications have the same symbols
used in the chapters, while LHS symbols are specifically for this appendix

only.
det IAI =
a 0 0 0
0 a O 0
6 0 a 0
0 0 0 a
b b b b
o £+é o Lt
< (3
e 0 - 0

a 0 6 0 b -d e R, + de_ Ry
0 a 0 0 b -e ~d -
0 0 a 0 b d -e R, - de o
a4el 0
6 0 0 a b e d
b b b b ¢ 0 0
d - d e 0 M 0
e -d -e d 0 0 M
b -d e . a 0 0 0 b -d G
b e od a2..2
¢ © a 0 0 b R
b d -e
. 0 0 a 0 b d 0
2402
b e d C, +5C¢ o 0 o0 a b a2+
6 0
¢ —>{b b b b ¢ 0 0
o M Sm Cr -8 7 2
e 6 g2 +de 0 el 0 dored o o dij;g
0 - deM e2M “ e € de ¢
dete4 dete e 0 -2 0 0 ;2"—‘1\4 0
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Ce6 , dcy a 0 0 0 b -1 0
d >
> 0 a 0 0 b 0 -(P+e)
0 0 a 0 b 1 0
6 o0 o0 a b 0 (£
b b b b c 1] 0
0 -+, 0 R+ 0 0 (@+@M
-M
t 0 -1 0 0 Zio 0
G/ (d2 + e2) 5 0 0 ¢ b A 0
—> 0 a 0 0 b 0 -1
Ry / (@2 + e?) 0 0 a 0 b 1 0
0 0 0 a b 0 1
b b b b c 0 0
0 -t 0 14 0 0 M(d%+e?)
1 0 A 0 0 -MAE+P) 0O
For further simplification of notation, let us denote, in the rest of this
appendix, the following:

M = M/ @ +e

D =] a 0 0 0 b
0O a 0 0 b
0 0 a 0 b
0o 0 a b
b b b o

Then, the determinant 'Al is expanded into a sum of terms by means of
Laplace's expansion:
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-1

-1

-1

-1

-1

-1
0

0
1

+

-

-1

-1

-1

-1

b

-1

-1

-1

0
M 0
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I, =la 0| |b b ¢ ~|a B |b b DB +]b b b 0 b
0 al {4 0 0 0 bl |4 0 0 4 0 1 a b
0 4 0 0 4 1 0 4 0
= aé (c) - ab (btb) + (-ab) (b+b) = aZC'—4ab2 r
L =fa 0o |b b c| -|a bbb +]0 bl |b b b
0 al 4 0 0 0 41 0 a bl |4 0 0
0t 0 0 0 1 0 4 1
= =a%(-c) — ab(b+b) —ab(b+b) = alc - 4ab®
I, =M|a bl [0 0 a +M ja 0 |0 a b -M[0 b[|0 0 a
0 b b b 0 al | b c a bbb b b
) 0 4 0 4 0 0
= M ab (ab + ab) + M 22 ( -ac +b%) + Mab (ab) = M (4 a2 b - a3 ¢)
I4 =fa 0 |b b <cf - Ja b Ib b bf + 0 B |[b b b
al {0 t o lo bl [0 1 o a bl 4 0
-1 0 0 4 0 0 4 0O
=a’(c)-ab(b+b) —ab(b+b) = alc - 4ab’
15=+Ma0Oab+Mabl00a+M0b00a
0 al [b b < o bl b b b a b/|b b b
4 1 0 4 0 4 0 4
=Ma® (-ac +b2 +b% ) + Mab (ab) ~ Mab ( —ab) = M (a3c - 4a2b? )
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6 b b b bl + 10 b b b b
0 =a i 0 O 0 b 0 1 0 a b % S | 0
0 i Oi 4 0 1 0 O |
= al(c) —ab(b+b) —ab(b+b) = a2 c - 4ab? -
17 = ~Mtfa O 0 a b +Mla b 0 0 al =Mi{0 b0 O
0 a b b 0 b b b b a bbb b
i 0O o 0 0 |
B 2 2 _ 2.2 3
= =-Ma¢(ac =b“)+Mab{ab)+Mab(ab+ab) - M{4a"b - a”c)
18 =M |la 0 0 bl =Mla b a 0 +M{0 b0 a 0
0 a b ¢ 0 b b b b a bl |b b
1 0 -1 0 i 0 i
= Ma2 (b% —ac) = Mab (= ab —ab) + M (—ab)( ~ab) = M(4a2b® -a3 c)
- 2 2 2
19 = M a 0 a 0 b -M“fJa b 0 a O +M*® j0 bl 0 a O
0 a 0 a 0 b 0 0 a a blj0o 0 =
b b ¢ b b b b b b

1t

Mzaz(aac-abz-bza) -Mzab(a.zb)+M2(—ab)(a2b)

M% (2% ¢ - 4a% 1?2
Collecting the results, we find,

9

det |A| = Tyo= 4 (a2c —4ab?) + 4M( 4a%b? - adc ) +
i=

M2 (a4c - 4a.3 bz)

= (Ma -Z)Za(ac—‘}bz)
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Let us replace these symbols by those on the RHS of the identification
equations on page 220. Thus:

1 (aw? -p)

2
det ’Al = w6[77((aw2 -p)-zwz(mr+p-§-)2

[(aw?-p)c -4b%w?®] = o0

This is the characteristic or secular equation for in-plane normal
mode oscillations.
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Appendix E cos ‘bi and sin@i

[ S

11
s

(e,+¢1)2 Y4
coscbi:coswot[i— — +...] -smwot[0+01+...]
/ 2
cosd’2=—sinw°t[1-(.e_.:_2.zl.+...] -coswot[61+¢2...]
/ 2
(8 + ¢3) . /
cosd’-3=-c03uot[1——?—— +...] +amw°t[6+¢3+...]
. (6+d,° e ]
cos‘l’-\4 = smwot[i— 3 +...] +cos«.a01:[0+4>4 voo
cos®; = ( $3 ~ ¢1) sinwot+(¢4-¢2)c03uot +
i
2 [¢32—¢12 + 29’(«)3-01,‘]6205«.»01: +
1 . 2 ’ R 3
3 Lo =02 +26'(p, - 4 Tsinut +0 (47
N S /
sin @, = sinuot[l - 5 +...]+coswot[9+61+...]
(6'+ 92)° ,
Sin¢2=COSuot[ ""‘ —7__~+-¢¢]*Sinwot[e+¢2 f..n]
8+ 41)2 ,
sin®, = -sinmot[t—*—"3:‘-“‘-+...]-c03u0t[9*¢3é...]
; 2
(€ + 94)”
sind, = ~€:03wot[1- 5 *...]:‘sinwﬂt[@'éééé...]

sih§i = {01 - 63)cosu°t+€¢4 - 02 )sinwot 4

(3]

”
[93“"¢12 *29,('¢3—®§)}sinwot +

i fomm

(6,2 -9, #2670, —¢3) Jcosuts 009
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1 0 0 We 2bc We  2bc]

0 1 0 (GFV4 -FR (GIFV4 FR
c, + ¢ 0 0 1 (GF/4 GR (FGY4 GR
2 0 0 0 14 0 -4 0
l g, + G, 0, 0 0 14 12 -4 2
2 0 0 0 4 0 4 o
[0 0 0 1 W2 U R |
[t 0 0 b be be  bWe ]
0 1 0 (GFM4 {GiEfs GiFYs (FGW4
0 0 1 (GFY4 (G-F4 Q4 Qs
c, - ¢,
0 0 0 4 44 -1 14
"% 0 0 0 14 1A 4 A4
0O 0 o0 14 14 14 1A
[0 0 0 W W s
bk e /e b { 0 0]
R R W QR BN 0 1 0
GG GHM GEW GKaR EGR 0 0 1
G & V- 72 s -th 0 0 0
“—% th 1A -th A4 0 0 P
C e C 14 AR A5 1R 0 0o @
SRR A T )
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|
Rla [ tka Wea bea bka a0 0]
R, GFp  GHEVS, (FGMy  (FGYA 0 th 0
Ry GiFV4p  G-F4p  (BGVp G4 0 0 VA
| R, /p 1/4p -1/4p 140 1/4p 0 0 0
R.J, 14y 1/4v 1/av /4y 0 0 0
R b Yav 14y Wy tav 0 0 0
RN 14y 1/4v 14y 1/4Y 0 0 0_
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Appendix G Inverse of Orthogonal Matrix [ B ] (Out-of-Plane Case)
: [Bl]e—————>[0 0 0 1 o0 4 4 )
; C.,/n
i 1 0 0 0 0 1 i
| G, 3/
‘ 0o 6 0 {§ 0 1
s, 5/
o 0 o0 0 t 4 1
G /my
2b
G, /ng 0 0 1 -= 0 0 O
0O t Qo 0 --?%1 0 O
t 0 0 0 0 0 4d/n
7
- A -
fo 0o 0 1 0 4 4 6 0 0 t 0 ¢+ o]
2b >
CGreT & (o 00 0 11 (C-Gyzlo o o0 0 t 0 -t
2b ,
Gte- G [0 0 0 1t 0 & i G*+C 100 0 1t 0 t o
4l
67-56100001-11 6 0 0 © t+ ¢
(N
0O ¢ ¢ 0 0 6 0 6 ¢ * e 0 o o
O 1t 9 0 9 0 ¢ 0 & 0 9 0 o @
i1 0 0 0 0 0 0] t 0 0 ¢ o @ ¢
\ “
- '1 -
0 0 9 + 0 o ¢ ¢ 0 0 t ¢ o ol
—_————— e ——
PN p 0 9 0 & 0 0 : 0 0 ¢ @& t ¢ ¢
(G » G2 G -G
ol . > T ¥ N 4 i 3!
(G ¢ G2 0 6 0 t+ 0 i © G - 0 2 9 ¢ o0 v 9
9 @ 6 9 & 0 1t O 8 6 ¢ O ¢
2 0 i © 0 9 0 ¢ 0 1 ¢ ¢ oo 3
0t 0 0 0 0 0 @ L 0 6 o a8 6
i 0 0 0 0 0 0] ! 0 ¢ o 0 © o
\_ X - >
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s T 4
f{ 0 0 0 0 0 O /o, © 0 0 0
— 5 —
0 £t 06 0 0 0 O 0 th, 0 0 O
Cii-—-> 4 Ci/ni
0 0
Ce—>C, 0 0 t 0 0 0 0C /|0 0 iy
Cy—GC 6 0 0 { 6 0 0 CA,S/"a 0 ¢ 0 thy O
“ o 0 0 0 t 0 0o ., 0 0 0 0 ik
C—% /s
0 0 0 0 9o {1 o 0 o o 0o 0
, 0
0 0 0 0 0 0 0 ¢ 0 0
\
¢ 3
i/ng 0 0 0 0 0 -4d/m
> 10 1/nz 0 0 2)/an 0 0
+2c
“YU' e T3 o 0 1/nz 2bfen, 0O 0 0
2b
C+=2G |0 0 0 oy 0 0 0
cv-i‘ffi- c |0 0 0 0 n 0 0
78!
0 0 0 0 0 tn, 0
0 0 0 0. 0 0 1/
\ N
4 s 3\
th 0 0 0 0 -2d/Mn -2d /g
—_—
(C7 -cé)/z 0 i/n, 0 0 Zb/cn2 0 0
%t &G 0 0 iy 2bkm, O 0 0
0 0 0 tn, 0 0 0
0 0 0 0 iy 0 0
0 0 0 0 0 tfen, -1/2n,
L0 0 0 0 0 1/2n, 1/ 20 |
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(G + Cy)/2
(Cr +C.)/2

V

\

0 1/1-1Z 0 0 Zb/cnz 0
0 0 1/!)3 Zb/cnz 0 b/cn2
0 0 0 1/n3 0 1/ 2n3
0 0 0 0 1/n3 0
0 0 ¢ 0 0 1/4n4
L0 ] 0 0 0 1/4n,
(b, 0 0 &an  dnm,
0 1/n2 0 0 b/cn2
0 0 1/172 b/cn2 0
0 0 0 0 1/2n3
0 0 0 - 1/41’14 1/4:14
\0 0 0 -1/4n5 - 1./41’15
dfin,  dhn -d 7y -d/ My
0 b/cnZ 0 b/cr)2
b/cnz 0 b/c n, 0
1/2n3 1/Zn3 0
0 1/ 2n3 0 1/20q
- 1/4:114 {/4n 4 1/4114 - 1/4r&1
-1/4 -1/4n -1/4n 1/4
- Vang 5 5 g
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b/cnz

1/Zn3

--1/4:114

1/4:15 )

-d/&ni\

0 b/c:nz

0 1/2n3

- 1/4:1:14

1/4n5 1/4115 J

0 1/:12 0
1/n2 0 )
0 0 0
0 0 0
0 0 0
0 0 0




Appendix H Javerse Orthonormal Matrix [ B ]-1 for the Case of
Unequal Length Boom Pairs with Translation

f ( )
0 0 0 0 -4 y ) 0 0 ¢ 0 -4 ..
0 0 0 1 0 & > 0 0 o t 0 {
C.7- V_C1
0 0 0 0 1 u_ g, G - 4 € 0 0 0 0 t o o
; 0 0 0 -4 0 1t 1 G+ 86 0 0 0 -1 0 1 1
C, -
t 0 0 0 0 v 2~ 12 t 0 0 0 0 0 0
0 1 0 f g 0 O 6 £ 0 0 0 0 0
0 0 1t g £ 0 0 0 0 1t g £ 0 0
\ J \_ /
( 3 r 3
0 0 ¢ 0 4 o op 0 0 0 0 - 2 2y
N
G - 281G 0o 0 0 { 0 2 2 . . > 1o 0 0 1t o0 2 2
f - 6 — H- Y5
T I T T R c |00 0 0 1 0 o0
G, + G, G- G
0 6 0 4 0 0 O 0 0 0 4 0 0 0
G, +C
7 T
{ 0 0 0 0 0 O f 0 0 0 0 0 0
0 1 0 0 0 0 O 0 £ 0 0 0 0 0
0o 0 1 0 0 0 O 0 0 1 0 0 0 0
\ L4 . J
4 N \
0 0 0 0 -1 . k- f 6 0 0 0 0 0 {
Me Hp=p
Gl2 0 0 0 1 0 1t 0 |C/(K -u) 6 0 0 0 0 { O
2
G/ 0 0 0 0 1t 0 0 |[G=~uG 0 0 0 0 1t 0 o
Ci-G
0 0 0 44 0 0 0 |C + G 6 0 0 t 0 0 0
C, - C
t 0 0 0 0 0 O 4 6 { 0 0 0 0 0 ©
-C
0 1 0 0 0 0 o 4 0O L 0 0 0 0 0
0 0 {1 0 0 ¢ O 6 0 { 0 0 0 0
. \. o
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C1<+9»C§
G e G

C5<—-> C%

C4 -8 C
C -1 G

3

G +G

+ C4

=v, -v_
~neg-f  -pg-
wi-g  wi-g
t {
b mH,
{ 0
0 t

0) f
0 0
0 C7 -v. G o
0 G - v G 0
C5 + g6
’l ¢-4¢ |°
0 0
| 0
7 \
N

vy v

4 "f1

4 £

1 1

0 0

1 0

0 1 J




G /2
C,/2
7-G

C7/(“+" P_)
G - .Gy

C + G

(=) G

LO

0 0 -y /2 (vy=v)/2 )
4 g -(ugtf)/2 (b -pyle/2
g A (uf-g)/2 (Wy =p)E/2
1 0 if2 0
0o 1 -u/2 (b —wy)/2
0 0 1/2 Y
0 o0 0 1/2
P
0 (y-v)l (wov, =uvdlt (v, =v )/t
4 g/2 -f /2 -g/2
< -f/2 -g1/2 £/2
1 0 1/2 0
0 1/2 0 12
0 -1/t m /¢ -1/¢
0 1/¢ -l 1/t
(v =BV /e (v=v )/t (uove = v/t
/2 gl2 -£ /2
g /2 -£/2 -g /2
-1/2 0 1/2
0 1/2 0
b/t -1/t e
-ult 914 -w /L
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(vp =)l (hu=wvdlt (v -ull
_—."
Ce> G, -g/2 -f /2 g/2
C,¢&—>C, /2 -g /2 -f/2
C;e—=>C, 0 1/2 0
C5e—>C, -1/2 0 1/2
-1/t 2 -1/t
L 1/¢ -/t V4
( Vi -v_)/l.»ni (p_ o V+P~+)/§ni ( V= »_)/Qni (p_ v, -p.+v+)/§ni
-g/2n, - /2n, g/2n,
—_—
Rj /n £/2n, -g,/2n, -f/2n,
(i=1, ... 7)
0 . 1Rn, 0
- 1/21':5 0 1/2n5
L 1/, -/t Yt
Where § = 2(p -p)
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